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V

Safety Concepts for Non-Repeated and Repeated Loadings

Concepts de sécurité pour des charges non-répétées et répétées

Sicherheitskonzept für nicht wiederholte und wiederholte Belastungen

J. FERRV BORGES
Associate Director

Laboratôrio Nacional de Engenharia Civil
Lisbon, Portugal

1 - INTRODUCTION

For discussing structural safety concepts in the cases of repeated
loading it is convenient to consider first the problems in which the effect of
load repetitions is disregarded. Then the reasoning used can be extended so
as to cover the cases in which the effects of load repetition are important.
This extension is difficult both from conceptual and from practical points of
view. In fact, the influence of load repetitions on limit-states is a complex
problem. In most cases satisfactory definitions of the parameters to be
considered do not yet exist.

On the other hand even basic safety concepts differ with the various
branches of engineering. Reliability criteria used in the design of aircraft
and space vehicles considerably differ from structural safety criteria in
civil engineering structures. To justify and to clarify the different positions
is too broad a task exceeding the scope of this report. On the other hand it is
quite evident that advances in structural design depend to a large extent on
such a clarification.

The classification of load variability in relation to the effect of load
repetitions on resistance is a basic problem. In fact, the influence of loading
history on resistance has to be considered in a simplified way. In recent years
this problem has been much studied by researchers interested in fatigue. More
and more sophisticated test procedures have been introduced. Nevertheless
choice of the major parameters of life history of a structural system remains
controversial. General principles, such as those of cumulative damage, are
useful as guide lines. However the presented trend is to reproduce the main
features of service loads through idealizing them by suitably combining
deterministic and stochastic processes.

It is usual to distinguish low-cycle loading from high-cycle
loading leading to fatigue. The actual rupture phenomena are different in
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the two cases, although, conceptually, the same procedure should be used
in both problems and no definite demarcation can be established.

2 - GENERALIZED FORMULATION OF STRUCTURAL SAFETY

2.1 - Structural safety problems

Several criteria can be used for classifying structural safety problems
as they are usually considered in Civil Engineering. The following classific
ation, although not systematic, may give an overall view of the question.

According to the objectives to be reached the following main problems
can be identified:

i) to compute the generalized cost of the structure during a given
interval of time;

ii) to compute the probability of a given limit-state being reached
during a given interval of time;

iii) to relate the above probabilities of reaching limit-states with the
values of the pondération factors;

iv) to derive simplified design rules.
The first problem involves initial costs, relationships between limit-

-states and the corresponding damage costs, and probabilities of reaching
the different limit-states. For dealing with it, it is necessary to solve the
second problem: i.e. to compute the probabilities of reaching the different
limit-states.

Furthermore the third problem involves the solution of sets of problems
of the second type, using the pondération factors as parameters. By doing
so for typical cases, basic information can be obtained from which simplified
design rules can be derived. Consequently, in the following, attention is
concentrated on the second problem, taken as the principal one.

Another classification criterion of safety problems may be based on the
number of variables necessary for defining the different types of loads, the
load-effects due to the loads, and the load-effects corresponding to the
different limit-states.

In case one variable alone suffices to define both the loading and the
limit-state, the probability of reaching the limit-state can be obtained simply
by computating a convolution integral. This is a basic problem in structural
safety, so far discussed by several authors for more than
30 years (1).

When the loads are of different types and are defined by several —

— uncorrelated or correlated — components, the computation of the probability
of failure becomes more involved. Yet the conceptualization of this general
problem is of much importance in serving as a guide for simplified solutions.

Such a problem is discussed below assuming that the behaviour
relationships and the limit-states can be defined independently of the
type of loading. Further on, the case in which this influence exists is
also considered.

Other classification criteria of safety problems can be used. Such
criteria may be based on the type of structure and on the type of loading.
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Thus one must distinguish statically determinate from statically indeterminate
structures, linear from non-linear behaviour, and deterministic from random
idealizations of structural behaviour.

As regards loads one must distinguish problems of imposed forces, of
imposed deformations and mixed problems; static and dynamic behaviour (the
latter involving inertia forces); and deterministic and random definitions of
loadings. Finally, as mentioned, the way loadings vary in time may also be
of basic importance.

In the discussion that follows each structure is assumed to be made up
of a finite number of structural elements. The safety of the structure is to
be studied on the basis of the safety of the structural elements. For that
purpose the loads applied on the structure are transformed into load-effects
acting on the elements.

In order to give generality to the presentation, both applied loads and
applied displacements are referred to as generalized loads or simply loads.
Likewise, the behaviour of each structural element is defined by the
relationship between generalized load-effects and generalized displacements.
In this context, forces, moments of forces, and stresses are considered as
generalized load-effects. On the other hand, geometrical quantities such as
displacements, rotations, strains, distorsions, curvatures, crack lengths,
distances between cracks and crack widths are considered as generalized
displacements. The behaviour of structural elements will thus be studied in
the "generalized load-effects "-"generalized displacements" space.

Under deterministic assumptions, behaviour is described by given
surfaces, and limit-states can be expressed as lines or surfaces in this space.
Although limit-states may be of very different nature: rupture, deformation,
limitation of cracks, etc., the values of the generalized load-effects
corresponding to limit-states are simply referred to as resistances.

Randomness of structural behaviour can be introduced in two ways. As
a randomness of the "generalized load-effects"-"generalized displacements"
relationships or as a randomness of limit-states. In a simplified way, the
former is called "randomness of behaviour" and the latter "randomness of
resistance".

Further randomness of loading has also to be considered. Owing to the
structural behaviour this randomness is transformed into a randomness of
acting load-effects or displacements. Thus the probability of reaching a given
limit-state is obtained by combining the load randomness, expressed in the
"generalized load-effects-generalized displacements" space, with the
resistance randomness.

2.2 - Statically determinate structure under a single loading

Consider the case of a statically determinate structure, for instance a
cantilever (Fig. 1), under a single force, X In such a case both loading
and resistance can be expressed by the same variable, X The maximum
value of the force and the resistance being assumed to be random, densities
of probability f (X) and f (Xu) can be defined. The integral of these densities
of probability are distribution functions F(X) and F(Xu), Fig. 2.

When dealing with structural safety problems, the parameters usually
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adopted for defining these distribution functions are: i) the mean values X
and Xu (or the median values corresponding to the 0. 50 fractiles) and ii) the
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Fig. 1 - Densities of probability of loading and resistance.
characteristic values, X^ and Xu^ corresponding to the 0.95 and 0.05
fractiles. Furthermore a resistance value, called design value, is often
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Fig. 2 - Distribution functions of loading and resistance.
defined by a fractile different from 0.05. According to the usual practice the
design values of the resistances related to rupture correspond to fractiles of
the order of magnitude 0.005.

The probability of not attaining a limit-state, probability of efficiency,
is given by the probability of the resistance exceeding the loading. This
probability, also called probability of survival when dealing with the limit -
-state of rupture, is given by the convolution integral:

P
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-oo

+ 00

F(X) dF(Xu) 1)

Given the analytical expressions of F(X) and F(XU), the probability
of efficiency can be related to the parameters that define the distributions
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and in particular to the relationships y^ and
X,

X
ud

k
which

are called characteristic safety factor and design safety factor, respectively.
In the problem under discussion the variability of the loading in time

is not considered. It is simply assumed that, given a structure, the
distribution functions of the loading and of the resistance may be defined. In
the present case, the structure being statically determinate the loading and
the resistance can also be directly expressed in terms of load-effects.

2.3 - Statically determinate structure under several loadings

Consider further the case of a statically determinate structure,Fig. 3,
now under two forces Xj and X2 • Assume the resistance of this structure
to depend on the values of the load-effects M and N at the built in section.

Fig. 3 - Bivariate densities of probability of loading and resistance.
Resistance being random, a density of probability f (Mu Nu) can be defined.
To a given value of Nu there corresponds a density of probability f (Mu)
and a distribution function F(MU). As above, mean, characteristic and design
values, Mu and Mucj can also be considered, Fig. 3.

On the other hand, assuming that the densities of probability f (Xj) and
f (X2) are given, the bivariate density of probability f (M N) and the
distribution function F(M N), expressed in terms of load-effects, are easily
obtainable.

In this case the probability of efficiency (probability of the resistance
exceeding the loading) is given by:

the integral being extended to the whole space of the load-effect variables,
Q (M N).

In the present case, more than one load being applied, it is important
to study the problem of load combination. Such a problem was approached
in a recent paper (2) by assuming the loads to be statistically independent
and by disregarding the influence of the variability of the loading on

AXIAL FORCE N

2)
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the limit-states.

2.4 - Statically indeterminate structure under a single loading

Consider the case of a simple statically indeterminate structure made
up of two elements, a cantilever and a spring, Fig. 4. Assume that only
region A of the cantilever is deformable, and that its behaviour is expressed

BENDING MOMENT, M

o eu
ROTATION 0

Fig. 4 - Linear statically indeterminate structure
acted on by a single random loading.

by the moment-rotation relationship, M(9), and its resistance by the position
of point (Mu 9U). On the other hand, assume the behaviour of spring, B

to be linear and expressed by S(a) k a Displacement a can be directly
related to rotation 9 by the expression a L 9 L being the distance of the
center of region A to the line of action of forces X and S In this case
the space of "generalized load-effects - generalized displacements" has two
dimensions: the bending moment M and the rotation 9

To a given value of the force X there corresponds in space (M 9) a
straight line with the equation:

M (X - S(a)) L (X - k a) L X L - k L2 9 3)

Assuming that the distribution function F(X) exists, a probability F(X)
corresponds to each line X const. The value of F(X) corresponding to
the line X const, which contains the point (Mu 9U) measures the
probability of efficiency.

If the behaviour of spring B is non-linear, Fig. 5, the lines X=const.
in the plane (M 9) are no longer straight. Yet a probability F(X)
corresponds to each line, and the problem is analogous to the one above.

In the two last examples the behaviour of elements A and B were
deterministic, only the loading being random. It may also be assumed that
the behaviour of A of B or of both are random.

Assume the behaviour of A to be random and the reaching of its limit
-state to be expressed by the density of probability f (Mu 9U), Fig. 6. The
probability of efficiency is:

Pe J^F<X ' 0» f <Mu ' V dM d9 4>
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the integral being extended to the whole space f (M 9).
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Fig. 5 - Non-linear statically indeterminate structure
acted on by a single random loading.

The randomness of the behaviour of B influences the distribution
function F(X) and could also be considered.

u ROTATION,©

Fig. 6 - Non-linear statically indeterminate structure having random
behaviour and acted on by a single random loading.

The preceding formulation covers in general terms the definition of the
probabilities of efficiency (or survival) in statically indeterminate
structures under one loading. In fact, assuming the structure to be made up
of a finite number of elements, the probability of efficiency in each element
may be obtained as above, by taking the element under consideration a s
element A and the whole complementary structure as element B (3). By
suitably combining the probabilities of efficiency of each element, the
probability of efficiency of the whole structure can be obtained.

2.5 - Statically indeterminate structure under several loadings

By associating the reasonings presented in 2. 3 and 2.4 it is possible to
solve in quite general terms the problem of computing the probability of
efficiency of any element of a statically indeterminate structure under several
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loadings.

The simple example presented in Fig. 7 indicates how to dispose of
this problem. In the present case the "generalized load-effects - generalized
displacements" space has three components M N and 8 and the density
of probability of the loading is expressed by f (M N/0), which is obtained

BENDING MOMENT, M

Fig. 7 - Non-linear statically indeterminate structure
acted on by two random loadings.

from the densities of probability f (Xi) and f (X2) taking into account
relationships (M N, 0) (Xi X2 > S(a (0))). The distributions f (Xi) and
f (Xo) being normal, the curves f (M N/0) are ellipses.

«a
X2l

BENDING MOMENT, M !i,lu 1 .S

Fig. 8 - Non-linear statically indeterminate structure having random
behaviour and acted on by two random loadings.

On the other hand, under deterministic assumptions, the behaviour of
element A is defined by the surface Z (M, N 0) containing the curves
M(0,N). The limit-states of element A are defined by the curve (Mu Nu,
0U) also belonging to surface Z

The probability of efficiency is given by:

Pe f (M N 0) d Z 5)
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Finally, the limit-states of element A may also be statistically defined
by the density of probability f (Mu Nu 0U), Fig. 8. Then the probability
of efficiency is obtained by the convolution of this density of probability and
the density of probability f (M N 0) extended to the whole space.

The above problem dealing with a generalized space of three
components can be easily extended to any number of components. Thus a
generalized formulation of the problem of computing the probability of
efficiency is obtained. In this formulation it is assumed that resistance is
not affected by previous loading history.

3 - STRUCTURAL SAFETY FOR REPEATED LOADING

3.1- Presentation of the problem

The problems of structural safety and of reliability are viewed in
different terms in the different branches of engineering. As is well known
reliability has been extensively studied in connexion with aircraft and space
vehicles, machinery, road and railway vehicles, ship structures,
etc. In all these cases load repetitions predominate (4). In civil engineering
structures, load repetitions are important in relation to superimposed loads
acting on bridges and industrial buildings. Moreover the repeated character
of wind and earthquake loads cannot be disregarded. Many other instances
in which load repetitions affect safety could be mentioned.

The main features of loading variability are strongly influenced by the
type of equipment or structure.

For airflight vehicles the cycle ground-air-ground is the fundamental
one, often forming the basis for fatigue testing (5). Aspects of fatigue in
connexion with the aircraft industry have been discussed in several
international symposia (6 to 10). It is worth mentioning that reliability
problems in airflight vehicles are directly related to inspection (11). The
interval between inspections is one of the main parameter in the control of
safety. This concept of inspection influences the general reliability outlook
in aircraft industry.

For mechanical handling equipment the main cycle corresponds to a
lifting. The severity of the use of the crane is thus measured by the number
of lifting operations (class of use), duly corrected by taking into account the
probability of the different fractions of the maximum load in each operation
(load spectrum). By combining these two classifications a final grouping is
obtained, which qualitatively indicates the severity of use. This group
indication is used for design purposes in both mechanical equipment and
structural elements (12).

So far the influence of load repetitions in bridges has been taken into
account in very simplified forms. Only recently have studies performed in
Great-Britain made it possible to establish a code in which the concept of
load spectrum is introduced (13). In this code, load repetitions are considered
within serviceability limit-states. This is justified on the basis that load
repetitions mainly affect fatigue cracking in steel structures. It is anticipated
that the repairing of such cracking is ensured by suitable inspections.

The idealization of wind and earthquake loadings by stochastic processes
































