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Theorization of Structural Behaviour with a View to Defining Resistance
and Ultimate Deformability

Etude théorique du comportement des structures au point de vue définition
de résistance et ultime déformabilité

Theoretische Untersuchung des .Verhaitens von Bauwerken hinsichtlich der
Definierung von Festigkeit und maximaler Deformierbarkeit

R. PARK
Professor of Civil Engineering
University of Canterbury
New Zealand

INTRODUCTION

The use of digital computers has permitted rapid advances in the
analyses of structures subjected to loading in the inelastic range.
However the study of the factors on which such analyses are based,
namely the load-deformation characteristics of structural members in
the inelastic range, particularly at large deformations, has not kept
up with these advances. This is well illustrated by the inaccurate
elasto-plastic idealization for the load-deformation behaviour of ele-
ments which has generally been used to predict the response of
structural steel and reinforced concrete frames to seismic ground
motions., '

This report reviews theoretical investigations which have been
conducted to determine the load-deformation behaviour of reinforced
concrete, prestressed concrete and structural steel elements subjected
to well defined repeated and reversed loading. It commences with a
brief summary of the stress-strain characteristics of the materials
under such loading and then reports on theoretical methods for determin-
ing the moment-curvature and load-displacement characteristics of
structural members. Some consideration is also given to the behaviour
of complete structures. Areas where future research is necessary are
indicated.

2 STRESS-STRAIN CHARACTERISTICS CF CONCRETE AND STEEL

Theory for structural behaviour must of necessity be based on
experimental data for the stress-strain characteristics of the materials.
This report will not be concerned with the problem of ordinary fatigue
in which the stress levels are generally low enough for the stress-strain
relationships to remain practically linear. Instead, the area of
interest is that of low-cycle fatigue in which extensive non-linear
behaviour occurs due to a few cycles of high intensity loading well into
the yield range. Experimental data for the repeated and reversed
loading behaviour of materials in this range, particularly at rapid
rates of loading, is scarce. The behaviour of concrete and steel under
such loading will be briefly reviewed to establish the stress-strain
characteristics.
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2.1 Concrete

A large number of experimental investigations have been conducted
to determine the stress-strain curve for concrete in compression under a
single load application to failure. Stress-strain curves proposed on
the basis of such data for slow strain rates have been reviewed by
Popovics (1) for unconfined concrete and Kent and Park (2) for concrete
confined by rectangular steel hoops. For a single application of load
at a fast strain rate Hatano and Tsutsumi (3), Ban and Mugurma (4) and
others have shown that the modulus of elasticity and the strength
increase with strain rate, as illustrated in Fig. 1. The strain at
which maximum stress is reached appears to remain reascnably constant
regardless of the strain rate. .
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The effect of repeated high intensity compressive loading of
concrete is to produce a pronounced hysteresis effect in the stress-
strain curve. Fig. 2 shows test data obtained by Sinha, Gerstle and
Tulin (5) for slow strain rates. Their low-cycle fatigue tests
indicated that the stress-strain curves of concrete under compressive
load histories possess an envelope curve which may be considered unique
and identical with the stress-strain curve obtained from a single load
application. Repeated load tests by Karsan and Jirsa (6) at slow strain
rates have also shewn agreement with this conclusion. Both Sinha, et
al, and Karsan and Jirsa, have proposed equations for the stress-strain
loops for repeated compressive load developed using the observed
responses of the specimens.- Karsan and Jirsa also determined the
number of cycles of repeated loading required to cause failure at
various stress levels. For example, approximately 100 load applications
to a load of 0.86 of the strength obtained from a single load application
was required to cause failure. Shah and Winter (7) in repeated
compressive load tests at a slow strain rates have also found evidence
of a shake-down limit for the strength. In applying between 5 and 20
loading cycles to concrete cylinders they found that repeated loading
below 88 to 95¥% of the short-term ultimate strength did not alter the
load carrying capacity of the concrete as determined by a single loading
cycle, but that lcads above this limit did damage the concrete. Results
of tests on concrete prisms under repeated compressive loading at high
strain rates have been reported by Polyakov, et al (8). The frequency
of loading was 100 to 300 cpm and the stress levels reached range from
0.6 to 0.95 of the static strength. The combined effect of rate of
loading and 500 to 1000 cycles of load application was to reduce the
strength as compared with a single application of static load by 10 to
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18%. However extrapolation of their results indicates that 50 cycles at
100 cpm would not cause the strength to reduce to lower than the static
strength. A further report by Polyakov, et al, (9) gives additional
experimental evidence. A review of the classical results of fatigue
tests conducted on concrete has been given by Flores (10).

It is evident that the low-cycle fatigue characteristics of concrete
have not yet been fully defined, Nevertheless the envelope law of
Sinha, et al, and Karsan and Jirsa, is an important statement and
enables approximate stress-strain curves for repeated loading to be
proposed based on hysteresis loops within the stress~-strain curve for a
single lcad application. However there is still a wide field of
research open, particularly to determine complete stress-strain curves
for repeated loading at rapid strain rates and for concrete confined by
transverse steel hoops and spirals. Also more research is required into
the behaviour of concrete with complex stress conditions under repeated
loading.

2.2 Steel

The stress-strain curve for mild steel subjected to monotonic load-
ing at a slow strain rate is well known. The stress-strain relation-
ship can be represented by straight lines in the elastic and the plastic
pre-strain hardening range, and by a curve in the strain hardening range,
as shown in Fig. 3. The effect of a fast strain rate is to increase the
) yield stress of steel. For example, it

has been reported (11) that for a strain
rate of 0.01 in/in/sec the upper yield
stress may be raised by 1 to 3%2%, with the
greater increase normally occurring for
lower strength steel. The increase in the
lower yield stress at this strain was up
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narrow hysteresis loop is that of the initial elastic slope and when the
stress regains the value at which unloading commenced the stress-strain
curve continues as if unloading had not occurred. Hence the monotonic
stress-strain curve forms an envelope for repeated loading of the same
sign as illustrated in Fig. 3. The results of a repeated load test on
high tensile steel prestressing wire is also shown in Fig. 4.

250

L' »244.20008
200 : Fig. 4 Stress~Strain Curve for
7 mm Diameter High Tensile Steel
g Wire With Repeated Tensile
g Loading (36).
g
100
50
o o008 (2] pois 0020 o025 0.0%6 c.as8 0.040 0045 00380 0.058

STRAIN

Tests by Polyakov, et al, (9) on steel reinforcement bars under repeated
lecad in tension at 300 c¢ycles per minute showed that the fracture load
after 1000 cycles was only slightly less than the static strength
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obtained from one application, and hence that the fatigue and dynamic
loading aspects were compensating each other.

Under cyclic {reversed) loading the stress-strain properties of
steel become quite different from those associated with purely tensile
or compressive stress. This is known as the Bauschinger effect and
results in a lowering of the reversed yield stress. Once this phenom-
enon has been initiated by a yield excursion the linearity between stress
and strain is lost over much of the loading range. This steel behaviour
is strongly influenced by previcus strain history; time and temperature
also have an effect. Fig. 5 illustrates the Bauschinger effect.
2 %) It should be noted that the unloading path follows
the initial elastic slope. Examples of investi-
gations of the behaviour of steel under cyclic
loading are those by Singh, Gerstle and Tulin (12),

/////  S— Tanabashi, Yokoo, Nakamura, et al (13) and Kent

Stres

and Park (14, 15). Singh, et al, found that the
history of previous loading had an effect on the
curved part of the stress-strain curve but never-

Fig.5 Stress-Strain theless from their experiments they arrived at a

Curve for Steel With simple exponential curve representing the average

Reversed Loading. of the family of reversed loading curves. Their

tests were carried out on steel from only one

batch. Tanabashi, et al, Kent and Park, and others, have found that an
excellent representation of the loading parts of the stress-strain curve
is given by a form of the Ramberg-Osgood function (16) with empirical
.constants which depend mainly on the plastic strain amplitude. The
shape of the hysteresis loop for loading in the plastic range shows a
small change as the number of cycles of load increases. However the
loop is remarkably stable if only a few cycles of loading are applied.
Yao and Munse (17) have undertaken a comprehensive study of the low-
cycle fatigue strength of metals and developed a theory for the failure
of mild steel under low-cycle fatigue in terms of strain histories.
Flores (10) has also given a summary of low-cycle fatigue; Tanabashi, et
al (13) have quoted experimental results.

It is evident that, as with concrete, there is still need for much
more research in this area. Comprehensive data on the stress-strain
relationships of steel under low-cycle fatigue loading at slow and rapid
strain rates has still to be obtained.
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3, THEORY FOR LOAD~DEFORMATICN BEHAVIOUR OF REINFORCED CONCRETE

The load-deflection characteristics of reinforced concrete members
of usual proportions in the inelastic range are mainly dependent on the
moment-curvature relationships of members. This is because where post-
elastic behaviour is relied upon, such as in earthquake resistant design
to dissipate energy, it is ususl to ensure that shear and other types of
brittle failure are prevented, and that ductile plastic hinges can occur
by yielding of the flexural reinforcement.

Most of the existing evidence concerning the post-elastic behaviour
of reinforced concrete members has been obtained from theoretical work
or tests in which the loads have been applied monotonically until max-
imum load is reached. Only a few investigations have been conducted to
determine the behaviour of reinforced concrete beam and column sections
beyond the point of maximum load or under high intensity cyclic reversed
loading. Examples of theoretical investigations into the behaviour of
reinforced concrete members under cyclic loading are those of Aoyama
(18), Sinha, Gerstle and Tulin (19), Agrawal, Tulin and Gerstle (20),
Bertero and Bresler (21), Brown and Jirsa (22) and Park, Kent and
Sampson (23). The work of these suthors will be discussed.
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3.7 Theoretical Determination of Moment-Curvature Relationships

for Reinforced Concrete Sections

Experimental studies of the response of reinforced concrete members
have indicated that a significant loss of stiffness occurs during cyclic
loading which results in an increase in the deformation at which the
ultimate strength of the member is reached. Saillard (24) has reviewed
much of the experimental work. It is only in recent times that the
actual shape of the moment-curvature response has been predicted
analytically. These theories have generally been based on an assumed
linear strain profile down the depth of the section and idealized stress-
strain curves for concrete and steel. The moment-curvature loop has
usually been obtained by calculating the moment and curvature corres-
ponding to a range of strains in the extreme fibre of the member. For
a given strain in the extreme fibre the neutral axis depth is adjusted
until the stresses in the concrete and steel, determined from the strain
profile and the stress-strain curves for the materials taking the
previous strain history into account, result in internal forces which
balance the external forces acting on the section, and then the moment
and curvature corresponding to that strain profile are calculated.

Method of Acoyama (18)

Aoyama developed a method of analysis to determine the moment-
curvature relationships for a section subjected to constant axial load
and reversal of bending. The initial load and the first reversal were
considered. Deformations beyond first crushing of the concrete were
not considered. The assumptions made for the analysis were a linear
distribution of strain down the depth of the section and the idealized
stress-strain relationships for steel and concrete shown in Fig. 6.
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Fig. 6 Stress-Strain Relationships Assumed by Aoyama (18)-

As a result of a theoretical study on sections with equal top and bottom
steel Aoyama found that the two most important variables effecting the
moment-curvature loop were the amount of axial load and plastic strain
in the previous load reversal. When the amount of axial load was small
the moment-curvature diagram had a step in the first reversal curve due
to closing of open cracks in the compression zone when the compression
steel yields. At higher axial loads this step occurs at lower bending
moments due to earlier yielding of the compression steel. Aoyama also
conducted a series of static cyclic locading tests on simply surpported
beams with constant axial load and reversal of moment. A comparison of
the theoretical and experimental moment-curvature curves for one beam

in the regicn of pure bending is shown in Fig. 7.
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Acyama's pioneering work successfully explained the marked change in
stiffness during cyclic loading tests. However the agreement with
experimental results in the reversed loading runs was not good mainly
because the assumed stress-strain curves for the concrete and steel were
insufficiently accurate, and in particular the Bauschinger effect of the
steel was neglected.

Method of Sinha, Agrawal, Gerstle and Tulin (19, 20)

Work at the University of Coloradoe has produced more complete theory
for the moment-curvature response of beams to cyclic loading. A linear
distribution of strains down the depth of the section was assumed. For
singly reinforced beams with repeated loading of the same sign (19) the
idealized stress-strain curvesﬁused were as shown in Fig. 8.
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Fig. 8 Stress-Strain Relationships Assumed by Sinha, et al (19).

For doubly reinforced beams with cyclic {reversed) loading (20) the
idealized stress-strain curves assumed were as shown in Fig. 9.
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Fige 9 Stress-Strain Relationships Assumed by Agrawal, et al (20).

In particular it is to be noted that for the reversed loading case the
stress-strain curve for the steel took into account the Bauschinger

effect.
A series of static load tests were conducted on simply supported

beams with symmetrical two point loading.,
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The beam Cross-section was 3 in. wide and 6 in. c_jee?. The theoretical
and experimental moment-curvature curves for a singly reinforced beam in
the region Of pure bending with repeated Ioadlnﬂ of ‘the same sign are
shown In Fig. 10. Fig. 1I shows compared the t eoretical and
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Fig. 10 _Moment-Curvature Curves for a Fig. 11 Moment-Curvature
Slngly Reinforced Beam (p 1.%?0 (19) - _Curves for a Doubly Rein-
inforced Beam (p " p") (20).

experimental moment-curvature curves for a doubl¥ reinforced beam |n the
region of pure bending with reversed loading. he agreement obtained
between theory and experiment was good. ri% was considered that the
response_ Of d%ubly reinforced beams under reversed Ioadlngt; was predominantly

influenced by the stress-strain characteristics of the steel and
Oﬂly Sllghtlg( influenced by the concrete characteristics. The concrete
characteristics could therefore be approximated by an Idealized elasto-
Plastl curve whereas the complex non-linear stress-strain relationship
or.theé steel needed to be used. o

This work has given a clear lead to the accurate determination of
the moment-curvature responses of reinforced concrete members.

Method of Bertero and Bresler (21

Bertero and Bresler have discussed the ppssible effects of shear and
bond forces on the deformation at the Crltlcg region Of a beam adjacent
to a beam-column |oint.  Alternating shear forceS may cause diagonal
tension cracks which open and close Tn each direction. Also, at the
stage in reversed |oading before the compression Steel Rnelds, open
cracks may €XIst In_the compression zone. = Therefore thHe shear force
may have to be carried mainly by dowel action of the |ongitudinal steel
which could lead to |ongitudinal sp||tt|ng of the concrefée along the
bars.  Hence high shear forces could cause a reduction in the Stiffness
of the members. Sdmllarl¥, cyclic loading may cause a deterigration
f the bond and lead to a Teduction of stiffness due to slip of the bars.
{ was also pointed out that the effect of tensile stress carried by
concrete between cracks needed to be included. In an attempt t0 produce
a more accurate theory, the ayerage curvature -« at a part|cu|ar point
IN the strain history was ertteﬁ as:

t t »b «b
= (@ g 60. (1)

where o and «Eo are the top and bottom steel strains at the
cracked —8&ction, d__IS the distance between the top and bottom steel,
and and oo are theSfunctions which characterize the bond effectiveness

for a V\Partlcular loading history. _ An expression was also written
for crack widths In terms of bond effectiveness to determine the stage
of opening and closing of cracks. The precise evaluation of the effect
of these variables was not possible because of the lack of the basic
experimental data required. _ .

An analysis was carried out to determine the theoretical moment-
curvature curve for the beam section adjacent to a beam-column joint




























































