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SUMMARY
Attention is focused on imposed deformation which may lead to cracking of concrete. Some
typical situations are: stresses due to nonlinear temperature and shrinkage distribution, imposed
deformation, and deformation with internal and external restraint. Some practical cases illustrate
the relevance of these effects.

RÉSUMÉ

L'auteur traite les déformations imposées pouvant causer la fissuration du béton. On distingue
des situations typiques: contraintes par distribution non-linéaire de la température et par retrait,
déformation imposée, et déformation avec empêchement intérieur. Quelques cas pratiques
illustrent l'importance de ces actions.

ZUSAMMENFASSUNG
Zentrischer Zwang mit möglicher Rissbildung wird behandelt. Dabei werden typische Fälle
unterschieden: Spannungen infolge nichtlinearer Verteilung von Temperatur und Schwinden,
aufgezwungene Verschiebung, innerer und äusserer Zwang. Praktische Beispiele verdeutlichen
die Bedeutung dieser Belastungen.
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1. MOTIVE AND SCOPE

There is an increasing number of structures with great demands on
serviceability, especially on gas-tightness and liquid-tightness.
We can think about structures for environmental protection such as
catch basins, waste disposal sites, interim storage sites, treatment

plants for contaminated water, about structures in chemical
plants of refineries, but also about basements, pipes and ducts
located in contaminated ground water. The common feature of these
concrete structures is that they serve at least two purposes.
First, they are structures which carry dead and life load, and
second, they ought to be impermeable against gasses and fluids
during a certain time. A main concern is cracking, i.e. occurence
of cracks and crack width.

Besides direct actions which are usually taken into account in
designing there are indirect actions originating in imposed and
restraint deformations. Causes can be due to shrinkage and swelling
of concrete, thermal movements, chemical reactions, and differential

settlement. This contribution deals with eigenstresses and
actions due to imposed and restraint deformation. It will be shown
that the boundary conditions have an essential influence on these
actions. Practical examples will illustrate the findings.

2. TYPE OF ACTIONS

2.1 Non-linear temperature distribution
Heating and cooling of concrete elements due to air temperature
variation and thermal radiation cause non-linear temperature
distribution.

^ ^ c&i m7

temperature stresses

Fig. 1 Stresses due to non-linear temperature distribution with
various boundary conditions.

Fig. 1 shows a typical example of a concrete slab on a foundation
during nightly cooling. The surface temperature is lowest. Depending

upon the boundary conditions the stress distribution is
different. Even if the supports allow rotation and translation
there are eigenstresses in the homogeneous cross-section, in this
case tensile stresses at the surface.



H.W. REINHARDT 103

In a composite cross-section with layers of material with different
coefficients of thermal expansion there will be eigenstresses even
if the temperature is raised uniformly. At the boundaries of the
layers shear stresses develop.

Similarly to non-linear temperature distribution, drying and
wetting of concrete cause eigenstresses due to shrinkage. However,
the process is much slower. The governing parameter for temperature
is the thermal diffusivity which is about l*10"6m2 s"1, and, for
shrinkage, it is the diffusion coefficient which is about
2*10"10 m2 s"1. This means that shrinkage is about 5000 times
slower than temperature movement.

2.2 Imposed deformation

If various concrete elements which are connected to each other
undergo different thermal and shrinkage history there may mutually
impose deformation. For instance, if an external column is heated
up while the internal columns stay at the same temperature a deformation

will be imposed on the slab resting on these columns. Those
deformations are most relevant which cause tensile forces in an
element or excentricity in a compressive part.

Common imposed deformations are due to differential settlement of
hyperstatic structures.

The reaction of a structural member to an imposed deformation 6 can
be illustrated by Fig. 2. If a displacement SQ is imposed the
member will crack

|N|
N M- _

j-— Nc o

Fig. 2 a) Normal force vs. imposed deformation
b) Normal force vs. time with constant deformation
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at Ncr (tension) or will react with N
0 (compression) The forces

will decrease due to relaxation of tne concrete. In case of tension
the force cannot become lower than Ns. If the reinforcement ratio
is smaller than 5mjn ft/fgy the steel will yield after cracking
remaining at a constant force N A f This is shown by Fig. 3

Fig. 3 Normal force vs. imposed deformation for S < fimin.

To judge the effect of imposed deformations realistically the
correct stiffness of the member has to be chosen. An analysis withinitial elastic stiffness may lead to a great overestimation of
reaction forces. Crack width and crack spacing can be obtained in
the same way as for imposed loads [ 1 ].
2.3 Restraint deformation

If deformation is caused by temperature, humidity, chemical
reactions, i.e effects which cause length changes of the concrete,
and if this deformation cannot occur freely stresses will develop
in the cross-section. There are two different cases: the movement
will be restraint externally by supports or internally by
reinforcement. The two cases lead to quite different stresses and crack
widths. This will be elaborated in more detail in the following
chapter.

3. UNIFORM SHRINKAGE IN A REINFORCED MEMBER

3.1 Internal restraint

It is assumed that the concrete shrinks and that this movement is
restraint by embedded bars. Since the concrete member is simply
supported there will be no external forces. Steel strain and
concrete strains are equal, eg ec. The forces are equal with
opposite sign, Nc -Ng. The concrete strain consists of theinitial shrinkage strain e„ and the elastic strain due to composite
action:

(1)
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The steel strain is given by

Ns

E, As (2)

With y As/Ac, n Eg/Ec es ec yields

Ec \ 1

EsAs + EA 1 + n y
(3)

The elastic stresses are

Es eo

1 + ni
and ctc - y Oj (4)

As soon as the tensile strength of concrete is reached cracks will
r c-
-odevelop. This is true for ctc fct and the appropriate strain ecCR

becomes

1 + nç fi. 1 + nç fc+e- _ ——' —Si —Si (5)
S Es ny Ec

In the vicinity of a crack, bond stresses between steel and
concrete are activated. Assuming a constant bond stress T0
(for a more accurate treatment see [1]) the stress is linearly
distributed between two cracks with the maximum oc mx fct. The
elastic steel deformation is then

1 1 + no fct
Ais ~ ~ icR

2 Es

and the mean steel strain

Als 1 1 + n? f,

2 S Es
(7)

with 1CR crack spacing.
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The mean strain of concrete is at this moment

1 + ni it 1

2

1 + n£ ct

1

2

1 + n? fc

E-
(8)

Mean steel and concrete strain are the same, the crack width is
zero.

With increasing e0, concrete will slip on the steel since T 0

const. Concrete strain increases according to

cc co " "
1 1 + n y

2 Q

ct
(9)

while steel strain remains the same. The mean crack width becomes

w (Cc ~ cs) CR (° "
1 + n I

Crack spacing is given by

1 „A* Jl
§

^CR ~

(10)

(11)

with d. bar diameter. Three stages can be distinguished ifconcrete shrinkage increases continuously (see Fig. 4). These are:

Oc Ec £s

Oa ma x

S f s y "Os w

Fig. 4 Stress, strain, and crack width vs. initial strain e0
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1) No cracks, shortening of the composite member.
2) At cracking, the member length increases again; crack width is

zero.
3) The length of the bar remains constant and the crack width

increases.

It should be noted that P > f,t/fsv because otherwise the steel
would yield. J y

3.2 External fand internall restraint
If the composite member is fixed at the ends and shrinkage occurs
then

ac _co Ec and as 0 (12>

Cracks develop at ac fct. Then, concrete gets shorter and forces
the steel to become shorter. Since the ends are fixed a tensile
force will develop in the steel. Steel stress and strain are

l + np _ 1 1 + np f
ffs.-* - fc<r and es ~ " <13>

S 2 Es

CTsC"

The elastic elongation eg has to cancel the shortening
Es

which makes

CR 1 1 + n§>
fct (14>

which is half as much as in the simply supported case. However, the
sign of the stress changes along the bar. The crack width can be
calculated from the initial strain minus elastic elongation of
concrete:

- 1 + nS fct \w !« co j (15)
\ 2 E

e
J

Comparing eqs. (10) and (15) tells that crack width is larger in
case of external restraint than it is at internal restraint. Crack
spacing is the same. The minimum reinforcement ratio at external
restraint is half of the one at internal restraint. The schematics
of this situation are given by Fig. 5.
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CTc

Fig. 5 Stress, strain and crack width vs. initial strain eQ

3.3 General remark

The derivations made in the two preceeding chapters are
intentionally based on crude material modelling in order to make
the main point clear, the importance of the boundary condition. The
results can be improved by assuming time dependent properties of
concrete [2], realistic bond behaviour, and scatter of material
properties.

4. PRACTICAL CASES

4.1 Car-park

The roof of an underground parking facility consists of a
reinforced concrete slab supported by beams. On the roof, there is
a water drainage but no isolation. Fig. 6 shows the situation after
a year of service. Cracks have

Fig. 6 Cracks in the beam under the roof slab

developed in the beam due to differential shrinkage. The slab does
not shrink, it may even swell whereas the beam does shrink due to
heating and ventilation of the parking deck. The crack width is the
largest at places with no longitudinal reinforcement (w 0.3 to
0.5 mm) and smallest near the longitudinal bars (w 0.1 to 0.2
mm).
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4.2 Baking furnace

Anodes for the electrolytic production of aluminium are
manufactured in a baking furnace at about 1050'C. Although the
interior of the furnace is strongly insulated the concrete
structure is warmed up to about 200 *C at the inner face.
Temperature distribution gives rise to curvature of the walls (see
Fig. 7). The horizontal displacement was large enough to touch the
columns of the superstructure. The walls cracked and the columns
were loaded by an almost constant force, i.e. imposed deformation
on the walls and imposed force on the columns.

BP CZ71

777777

m
777777

Fig. 7 Baking furnace with superstructure

4.3 Sedimentation-basin

The sedimentation basin of a process-water treatment plant cracked
due to temperature differences between the hot water (38°C) and
the cold air and structure. Fig. 8 shows the basin with vertical
cracks at the

3:

B/ AJ

TZZZZZZZZZZ,

ZZZZZZZZZZZc

A-A

Fig. 8 Sedimentation-basin with cracks indicated
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crown of the walls and horizontal cracks at the edges. The basin
has been designed and constructed very carefully without any cracks
due to early thermal movement. However, during operation cracks
appeared the cause of which are rather obvious. There are thermal
stresses in wall direction because the lower part of the structure
warms up while the top part does not. In the middle of the basin
the wall can bend and rotate freely whereas the edges restrain the
curvature. Here the inner edge expands due to heating and the outer
edge is stressed in such a way that cracks occur. It will be
interesting to observe the cracks and to see whether they propagate
into the concrete due to inelastic cyclic loading [3].

5. CONCLUSION AND OUTLOOK

Imposed deformations are usually treated as secondary effects which
may be neglected in design of concrete structures. However, these
effects should receive due attention in all cases where tightness
against gasses and fluids play an important role.

It has been shown how cracks develop and that crack width is greatly
influenced by boundary conditions. Models should be developed

which enable the structural engineer to judge the behaviour of a
structure under restraint deformations, similarly to what has been
developed for imposed loads.
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SUMMARY
Most calculation methods for the control of crack widths in concrete structures are based on the
behaviour of centrically reinforced concrete bars, subjected to tension. In deep beams, the validity
of these methods is therefore mainly limited to the regions directly surrounding the main
reinforcing bars. In the areas at some distance from the main reinforcement, however, crack
control has to be carried out with the same attention. In this paper it is described how crack
control in deep beams can be carried out on the basis of a rational model.

RÉSUMÉ

Plusieurs méthodes de calcul concernant le contrôle de la largeur des fissures sont basées sur le
comportement de tirants armés axialement et tendus. Pour les murs porteurs, la validité de cette
théorie est cependant limitée aux zones situées directement au voisinage des barres d'armature
principale. On, pour les régions se trouvant à une certaine distance, le contrôle de la fissuration
doit malgré tout être considéré avec le même soin. Ce problème est résolu de façon cohérente
par un modèle rationnel adapté.

ZUSAMMENFASSUNG
Die meisten Rechenmodelle zur Beschränkung der Rissbreiten basieren auf dem Verhalten von
zentrisch bewehrten Stahlbetonstäben, die auf Zug beansprucht werden. In grösseren Bauteilen
ist die Gültigkeit dieser Rechenmodelle deshalb auf die Umgebung der Hauptbewehrung
beschränkt. In den von der Hauptbewehrung weiter entfernten Bereichen ist eine ausreichende
Untersuchung zur Vermeidung von klaffenden Rissen jedoch genau so wichtig. In diesem Aufsatz
wird beschrieben wie man, aufgrund einer rationalen Modellierung, die Rissbreiten in hohen
Stahlbetonträgern beschränken kann.
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1. INTRODUCTION

The cracking behaviour of reinforced concrete structures has been
investigated for many years. Most research was restricted to describing
crack width and crack spacing in a semi-empirical manner. In recent years
considerable progress has been gained with regard to the development of
rational models for crack width control: Crack widths and spacings can be
calculated as a function of the concrete tensile strength, bond strength,
reinforcing ratio, bar size and load level. However, since laboratory
experiments provide the basis for the tuning between theory and practice,
most results are restricted to relatively small concrete specimens. With
regard to.members loaded in bending, the experiments have shown that crack
widths are controlled in an effective area around the main reinforcement.
However, outside this region the cracks 'collect' if too little web
reinforcement is applied. Leonhardt [1] already pointed out this phenomenon
in the early sixties and defined the wide cracks in the web as
'Sammelrisse'.
Since members in practice are generally considerably larger than test-beams
in laboraties, this is a problem of particular importance. It is necessary
to know the amount of horizontal web reinforcement that is required to
control the cracking outside the 'effective area' of the main reinforcement.

2. CRACKING BEHAVIOUR OF TENSILE MEMBERS AND BEAMS

2.1 Tensile members

The first relations to predict the crack spacing and the crack width in
tensile members were based on a relatively simple calculation model [2]. The
basic principles of the model can be summarized as follows: At the instant
of cracking, the concrete tensile force must be carried by the reinforcing
steel. At a certain distance away from a crack, the so-called transfer
length 1

+ [2], the bond stress is zero. The whole concrete section is
assumed to be in uniform tension so that a new crack can occur. At
increasing elongation new cracks are formed until the crack pattern is
'fully developed', e.g. all the crack spacings vary between 1

+ and 21.. In
this situation there are no parts where the concrete stress reaches tne
tensile strength. Thus, the mean crack spacing 1 in a fully developed crack
pattern is 1.51+ [2]. After the introduction of a lower-bound value, the
following formula is obtained:

1m kl+ k2k3~7 [l] (1)

The mean crack width follows from the mean tensile strain e :
sm

sm «S^-WV^1 M {2)
s

where a and a are the steel stresses in a crack at the cracking load
and the Service load, respectively. The variation in crack widths is
accounted for by the coefficient k^:

wk k4wm [mm] (3)

The coefficients k, to kg can be tuned so as to obtain close agreement with
experimental results.

2.2 Beams

Formulae (1) to (3) can also be used to predict the crack pattern at the
level of the main reinforcement of beams. In the formula (1) the mean crack
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spacing was found to depend on, among other factors, the reinforcing ratio
p. In the case of a tensile member this ratio is given by p=A /A For beams
an 'effective' concrete area around the main reinforcement is defined. In
most recent approaches, this area is based on the beam height h and the
effective beam depth d [3,4]:

As

peff " ab(h-d)

It is observed that the cracks initiated by the main reinforcement 'collect'
outside the 'effective concrete area'. Thus, in the web of beams fewer
cracks with larger widths occur, see figure 1 [5]. Several researchers have
investigated the development of crack widths and spacings over the entire
height of deep beams, e.g. [6,7]. However, the amount of experimental data
is rather limited. Therefore, it was decided to perform experiments on deep
reinforced concrete beams.

1

: \ l>
1

4^u
^2ds4

§

stirrups
d*6;s=s150

oo
r->

^2j
dimensions mm

Fig. 1 Crack pattern and cross-section of a deep T-beam [5].

3. EXPERIMENTS

3.1 Test set-uo
In the tests 15 beams were loaded in four-point bending, see figure 2. The
beams were 5.5m long and 0.8m in height. Twelve beams had a T-shaped cross-
section, whereas three beams were rectangular. For the main reinforcement
either 4 bars d 20mm or 3 bars d 16mm were used. The diameter of the web
rebars was 10, 12 or 16mm. The vertical bar spacing was 100, 150 or 200mm.
One concrete mix was used. The average 28-day 150mm cube compressive and
tensile splitting strength were 50.0 and 3.0MPa, respectively.

n Uj:

dimensions mm

Fia. 2 Cross-sections and side-view of the beams tested
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3.2 Measurements

The crack width measurements were restricted to the middle 2.3m of the
uniform bending moment zone. Measurements were taken on both sides of the
beams by means of a microscope. Nine horizontal lines were drawn, covering
about the lower 450mm of the beams. Cracks were measured at each position
where the cracks intersected these lines.

3.3 Experimental results
Figure 3 presents the influence of the web rebar spacing on the mean crack
spacing. For comparison, the results of a beam without web rebars are also
given. The dominant cracks are accompanied by minor cracks. Therefore, the
sum of the widths of the dominant cracks is less than the measured beam

elongation. This was also observed in [8]. It was found that :

wm 0.751 £mm m sm
[mm] (5)

y (mm) force : P » 209 kN

QJ5 020 0.25

mean crack width [mm)

- beom 6: 1 * ds10mm ; s s 200 mm

- beam 4:1 * ds10mm j s s 100mm

- beam 1 : -

Fig. 3 The influence of web reinforcement on the mean crack width [9].

4. THEORETICAL MODEL

4.1 No web reinforcement
In the case no web reinforcement is applied, the crack pattern is similar to
the one observed in a concrete wall cast on a hardened slab [10], see figure
4a. The mean crack spacing halfway down the web is approx. 1 =h-h -(h-d).
When comparing this value with the average crack spacing at che main
reinforcement according to the Eurocode II a family of curves is obtained
for various values of h and d (fig. 4b). The figure shows that the ratio
1 web / 1 main reinf.= 4, whiSh is reported by several authors, applies for
tr/e region 0.6 < p < 1.0%.

4.2 Web reinforcement

If sufficient web reinforcement is applied, cracks can be forced to extend
into the web. Figure 5a presents the corresponding relation between steel
stress in the web rebars, the bar diameter and the bar spacing, whereas the
transfer length is shown in figure 5b. It was assumed that f ,=2.5MPa and
that the distance from the side face of the member to the centre of the web
rebars is b,=50mm. In the case the actual parameters differ from these
values, the results from the design curves (indicated by the superscript
'd') must be corrected by the following formulae:
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I web / I moin reinforcement [-1
m 'm L J

©

Fig. 4 Crack pattern in a deep beam without web reinforcement (a) and the
ratio between the mean crack spacing in the web and at the bottom (b)

*s,cr ffs,cr(0-015bl+0-125^ £MPaJ ^
lt 1^(0.015bj+0.125) [mm] (7)

The crack pattern is fully developed if the average surface strain exceeds
CTj cr/Es" The avera9e crack spacing is then 1=1*. Since one aims at the use
of'a rather limited amount of web reinforcement, the web crack pattern is
mostly not fully developed.

sfsel stress [mm] transfer length [mm]

Fig. 5 The steel stress initiating cracking in the web (a) and the transfer
length (b).

5. PRACTICAL DESIGN RULES

The previous sections provide the calculation method of web crack widths.
Since the crack pattern is assumed not to be fully developed,
long-term or varying loading is assumed to cause an increase of the transfer
length by 40%. The characteristic long-term crack width is:

wk L3Vs,cr £mm] W
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Formula (8) is presented in figure 6a in the case f .=2.5MPa and b,=50mm. In
the case the parameters differ from the assumed val Ses, the result from the
design curve is corrected as follows:

2 frt
wk w^(0-Olöbj+O.125) 25 M (9)

The part of the web h where web reinforcement is required can be calculated
according to present aesign rules [12].

characteristic crack width [mm]

bar spacing [mm]

Fig. 6 Web crack width in a not fully developed crack pattern.
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SUMMARY
Crack spacings and crack widths in a reinforced concrete structure can be calculated by means of
methods which are based on the T-s-relation of a rebar in concrete. The T-s-relation, presented in
this paper, holds both for normal and cryogenic temperatures. From calculations it follows that the
mean crack spacing at -165°C is almost the same as the value at+20°C, the mean crack width
and the mean steel stress at — 165°C, on the other hand are substantially greater than the
corresponding values at +20°C.

RÉSUMÉ

L'espacement et l'ouverture des fissures peuvent être calculés à l'aide de méthodes basées sur
la relation x-s d'une barre d'armature dans le béton. La relation x-s, présentée dans la présente
communication, est valable pour les températures normales ainsi que pour des températures très
basses. Des calculs démontrent qu'à —165°C l'espacement moyen des fissures est à peu près le
même qu'à +20°C. Cependant l'ouverture moyenne des fissures ainsi que les contraintes
moyennes dans l'armature sont plus élévées à -165°C qu'à +20°C.

ZUSAMMENFASSUNG
Rissabstände und Rissbreiten in einer Stahlbetonkonstruktion können mittels Methoden, die auf
dem x-s-Verhältnis eines Bewehrungsstabes im Beton beruhen, berechnet werden. Das in dieser
Abhandlung beschriebene T-s-Verhältnis gilt für normale und extrem tiefe Temperaturen. Aus
Berechnungen ergibt sich, dass der mittlere Rissabstand bei -165°C ungefähr derselbe ist wie
bei +20°C; die mittlere Rissbreite und die mittlere Stahlspannung sind im Gegenteil bei -165°C
bedeutend grösser als die entsprechenden Werte bei +20°C.
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1. INTRODUCTION

Because of the low tensile strength of concrete, both at normal and cryogenic
temperatures, cracks are likely to occur in concrete constructions.
Crack control, which means the limitation of crack widths, plays a significant
part in all types of structural concrete. Controlling crack widths can be
applied for reasons of appearance, corrosion protection or tightness with regard
to gas or liquid permeability. The cracking situation of the structural
concrete has also an important influence on the extent of deformation.
Deformation in cracked state can be a multiple of that in uncracked state [1,2].
The previous mentioned performance requirements are imposed by the supporting
function of the structure in the serviceability limit state.
The following is an attempt to determine "quantitatively" crack spacings and
crack widths in reinforced concrete members for temperatures ranging between
+20°C and -165°C. The cracking behaviour of structural concrete is mainly
dependent on the way a tensile force, exerted on a "reinforcement bar", is
transferred to the "enveloping concrete" by way of "bond stresses". The bond
between the reinforcement bar and the concrete is, consequently, one of the
basic properties which make reinforced concrete possible. According to [1],
concrete, reinforcing steel and bond behaviour can be called the subsystems of
structural concrete.
Researchers [3,4,5,6] have found that the concrete properties, consequently also
the bond stresses, are highly influenced by temperature. Especially the amount
of chemically unbound water in the concrete plays an important part at low
temperatures.

2. FROM 7"-s RELATION TO CRACKING AT NORMAL TEMPERATURE

The bond between the reinforcement and the concrete may be described in an
idealized way as a shear stress between the surface of the reinforcement bar and
the surrounding concrete. The bonding mechanism may be expressed by the
relation between the shear stress r and the relative displacement s between the
reinforcement bar and the concrete.
On the basis of the results of an extensive test programme of beam tests both at
normal and cryogenic temperatures, executed at the Department of Civil
Engineering of the K.U.Leuven, the T-s-relation is mathematically approximated
by the expression :

T Tu (1 - /xe'As) (1)

with fi 0,78 and A 9,78. The ultimate bond strength ru is a function of the
concrete cover on the rebar (c), the concrete quality (fC'^ct' an<* t^le
temperature :

<t>

r- - + c
c T„ /K 2
- < 3 [1 + (1 - K) 0,353 ] (2a)
<P~ fc 2 <f)

c Tu /Ê
- > 3 -H [1 + (1 - K) 2,473] (2b)

<fi fc 2

with K fct/fc. The temperature effect has been completely taken into account
by way of the quantities fc and fct- The expression (1) has the merit of
describing the r-s-course up to the bond fracture.
For a centrically loaded reinforced concrete tensile bar (Fig. 1) the transfer
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of the tensile force in the bar to the surrounding concrete is, for an
elementary part dx, described by the following differential equation :

(/> E d2s

rx (3)
E dx

4(1 + — W)
Ec

detail A

J
anchorage length

detail A :

dx

Fie. 1 Reinforced concrete tensile bar subjected to a force N.

The length, needed for the transfer of the tensile force N, is called the
anchorage length. At the end of the anchorage length (in U, see Fig. 1) the
concrete and the steel strain are equal. If the force N is increased in such a

way that the concrete tensile stress at U becomes equal to the concrete tensile
strength, i.e. N Nr, the length OU is equal to the anchorage length £.^,.
After inserting (1) in (3) and numerically solving the differential equation
(3), one obtains the anchorage length belonging to the force Nr :

Nr=As*s,r (4)
with

a s ,r - fct <-£ + (5)
w ,c

When subjecting a reinforced concrete tensile bar to a force Nr it is assumed
that in the first instance all "first-order cracks" are formed. A first-order
crack is by definition a crack at such a distance from the nearest crack that
the transfer zones of both cracks do not influence each other (Fig. 2). This
requires that the distance between the two cracks in question is greater than or
equal to 2 £.T. The crack width wr, immediately after cracking is then equal
to :

wr 2 srj0.
After the completion of this first-order crack pattern, the so-called second-
order cracks will be formed. The distance between two cracks is now smaller
than 2 £.^,. With the second-order cracks the transfer zones overlap partly.
After the completion of the second-order crack pattern the distance between two
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cracks is at least Only at this distance, taken from another crack, does
the concrete stress attain the concrete tensile strength again. The crack width
of second-order cracks varies, as a function of the crack spacing, between 75 Z

and 100 Z from that of the first-order cracks.
In reality the distribution of cracks is very irregular because it is determined
by stochastic effects. The concrete tensile strength is, indeed, a quantity
which is liable to a relatively great dispersion. Therefore strictly speaking,
only minimum and maximum values can be given for the crack spacing (Lr) and
crack width (w respectively. A mean value for these quantities, obtained by
making the calculations with the mean concrete tensile strength or another
intermediate value is consequently to be interpreted with caution.

3. INFLUENCE OF TEMPERATURE ON THE CRACKING BEHAVIOUR OF STRUCTURAL CONCRETE

The above described theory may also be used for the determination of crack
spacings and crack widths at low temperatures, provided that the coefficients of
expansion of the concrete (atc) and the steel (Ctg) do not differ too much. This
is indeed the case for concrete with a low moisture content. If, however, the
concrete has a high moisture content, a correction has to be made on f The
coefficient of expansion of the concrete is indeed at low temperatures a good
deal smaller than the one of the reinforcement steel [5]. This has as a

consequence that the concrete, whilst cooling off, is as it were prestressed.
The tensile stresses which are formed in the steel when the temperature is going
down from T^ normal temperature) to low temperature) may be calculated
for a centrically reinforced concrete bar with :

Es(T)
a s J 1 5 (a (T) - a (T))dT (6)s T_ E„(T) s c

n (1 + — (J)
EC(T)

with Eg(T) : modulus of elasticity of steel at temperature T (N/mm2)
EC(T) : modulus of elasticity of concrete at temperture T (N/mm2)
Qg(T) : coefficient of expansion of steel at temperature T (1/°C)
QC(T) : coefficient of expansion of concrete at temperature T (1/°C).
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The compressive stresses which are created in the concrete at the same time are
then :

<T
c - - <7

s
W (7)

The internal prestress may be considered a virtual increase of the tensile
strength of the concrete at that temperature and thus brings about a

"postponement" of the crack formation at low temperatures. In the case of
concrete with a high moisture content the uniaxial tensile strength fct has to
be transformed into a virtual tensile strength fct (T^) for the calculation of
ffg j. by using (6) and (7) :

T Q E T
" W1«.5 tw 1 5 (a S(T) -Qc(T))dT (8)

Tn E (T)n (1 + — W)
EC(T)

The remaining characteristics of the concrete and the steel (fc, fct, Ec and Eg)
at low temperatures may be calculated on the basis of the corresponding values
at room temperature [3,4].
Results of the qualitative course of the mean stress in the rebar at the place
of the crack (a r), the mean crack width (wr) and the mean crack spacing (L
as functions of ' temperature are shown in the Figs. 3, 4 and 5. At the
calculation of the concrete tensile strength it is assumed that for one thing
there is no difference between the coefficient of expansion of the steel and the
concrete, consequently Aa » 0, and for another that difference is constant over
the whole temperature range and equal to 0,15.10"^ per °C [7].
From the Figs. 3, 4 and 5 it follows that the mean steel stress (cr r) and the
mean crack width (wr) increase considerably, if temperature fal'ls. This
increase is so much the greater as the difference in the coefficient of
expansion between steel and concrete increases and the mean compressive strength
of concrete at room temperature decreases. The mean crack spacing (L on the
contrary varies relatively less (slight decrease) as a function of temperature.
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SUMMARY
A probabilistic approach based on an experimental model and on the variation characteristics of
concrete strength and load, is presented. Traditional estimation of serviceability in terms of
cracking is shown to yield significantly different reliabilities for concrete structures. The situation
may be improved with the aid of suitable analysis; in any event, the traditional approach should be
revised.

RÉSUMÉ

Une approche probabiliste basée sur un modèle expérimental est mise en évidence; elle tient
compte de la variation des caractéristiques de résistance du béton, ainsi que de la charge. En

effet, l'approche traditionnelle de l'état de service basée sur la fissuration est présentée, afin de
montrer qu'elle peut mener à des sécurités différentes. Cette situation peut et doit être améliorée
à l'aide d'une analyse appropriée.

ZUSAMMENFASSUNG
Eine probabilistische Methode, basierend auf einem experimentellen Modell und auf
Variationscharakteristiken von Betonfestigkeit und Belastung, wird dargestellt. Die bisherige Erfassung des
Gebrauchszustandes in Form von Rissbreitennachweisen liefert deutlich andere Aussagen für die
Zuverlässigkeit von Betonkonstruktionen. Die Situation kann mit Hilfe einer geeigneten Analyse
verbessert werden; auf jeden Fall sollten die traditionellen Verfahren überprüft werden.
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1. INTRODUCTION

The cracking resistance of structures in bending defines their serviceability in terms
of premature crack appearance and excessive deflections, depending on the cracking
moment [1-4]. It is of prime importance in modern structures made of high-grade
concrete [7]. In practice, this serviceability is assured by semi-probabilistic
design methods, using deterministic values of loads, material strengths and criteria
for the limit state. In reality, crack appearance in a structure complies with a
particular probability. Probabilistic cracking analysis of some concrete structures
has shown that the main influence on the probability of crack appearance is due to the
lengthwise variation of concrete strength over the structure and to the variability of
mean concrete strength of the members within their general population, as well as to
the load variability [5-6].

In this paper the reliability of particular structures designed under the traditional
approach are analysed on the basis of an experimentally obtained model and of the
variation characteristics of tensile strength of concrete.

2. STRUCTURAL MODEL FOR ANALYSIS

Consider a simply-supported member of rectangular section under uniformly distributed
load (Fig. 1).

Potential cracks in the member in bending may appear at t - 40mm spacing (determined
experimentally [4] in its middle part - i (Fig. 2). s

0

According to [5], the probability of crack appearance in the x-section is:

E exp(-i2/2) (1)

Fig. 1. Member for cracking analysis

Fig. 2. Model of member
with potential cracks.L
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In (1) A. is the summation step, i is an independent parameter, j in the general case
(including prestressed members) is given by:

M

j [(-^- fp)/fcm - 1]/Cvl (2)

and the Moment in the x-section for a particular uniformly distributed load p is:

Mx \ (*x " x2) (3)

f - residual prestress in most stressed fibre (for non-prestressed member f =0).
P P

f - mean concrete flexural-tensile strength in member.
cm

- coefficient of lengthwise strength variation.

The probability of crack appearance in the considered member with particular mean
concrete strength is:

x2
prm 1 - n (1 - Px) (4)

X1

According to [1], the mean flexural-tensile strength of concrete is:

f f (.6 + .4h"'25) (5)
cmm ctm 1 ' y '

and the mean tensile strength in the general population is:

f .3 f 2/3 (6)ctm ck v '

As may be inferred from [1], the overall variation coefficient of tensile strength
C 18.3%. The variation coefficient of the mean concrete strength in members is:

C J C
2 - C

2
(7)vo V VI

3. PROBABILITY ESTIMATION OF CRACK APPEARANCE IN A MEMBER
IN THE STRUCTURE POPULATION

The probability of crack appearance in a member (Fig. 2) with a given grade of
concrete under a particular load is evaluated by:

P E P P (8)r rm m

where P -probability of occurrence of the specific mean concrete strength, namely:
m

A
Pm — exp (-m2/2) (9)

72?

The mean concrete strength in a member is defined as: f =f (1 + m C
cm cmm vo

The overall probability of crack appearance in a member within the general population
is evaluated by:
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P S P P
n r q

— exp(-n2/2) for q qm(l + n Cq)
/2îf

(10)

(11)

where: n - independent parameter, q - mean load, C - coefficient of load variation.
m q

Fig. 3 shows the cracking probability for beams made of C-30 concrete under a
characteristic load .0022 MN/m, versus C [5],

q

P%

Cq
.05

Fig. 3. Probabilities of crack
appearance in beam made of C-30
concrete under 0.0022 MN/m
characteristic load
versus coefficient of load
variation.

4. PROBABILITY ANALYSIS OF MEMBERS WITH VARIABLE CONCRETE STRENGTH
UNDER VARIABLE LOADS

The characteristic load for analysis is determined
as the load causing crack appearance in the most
stressed section of a member:

qk 8 fcmk W/« (12)

Numerical analysis results for the members, as
shown in Fig. 1 (h=.2m, b=.3m, grade C-50), with
different lengthwise strength variations (C^)
are presented in Fig. 4.

Fig. 4. Probabilities of crack
appearance in members vs. lengthwise

strength variation (C
c"' under the same characteristic load

with different variations (C
q
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It is felt that present codes favor design with a wide range of reliability in terms
of cracking.

As shown in [6] for composite slabs, the probability of crack appearance in the spans
of statically-indeterminate structures should be significantly lower than in
simply-supported ones, and such structures may be more reliable. Their reliability
depends on the variability of concrete strength in certain parts of the structure, and
combinations of low strength make for very low probabilities.

Narrow variation of concrete strength may drastically reduce the probability of crack
appearance in a structure. Analysis of cracking probability in members with narrower
strength variability under the same mean load (Fig. 5) shows that the reliability of a
code-designed structure may be significantly improved through improved homogeneity of
the concrete in terms of tensile strength.

Fig. 5. Probabilities of crack appearance in
members under the same mean loads appropriate to
their variations - vs. real coefficient of
tensile strength variation of concrete.

5. CONCLUSIONS

The analysis shows that traditional estimation of structure serviceability in terms of
cracking, yields significantly different reliabilities for concrete structures in
bending. Based on probabilistic criteria and statistical initial data, the above
situation may be improved with the aid of suitable analysis. In any event the
traditional estimation should be corrected by behaviour factors, taking into account
the variabilities of concrete strength and load combinations.

The proposed design approach calls for supplementation of the codes by suitable
statistical data and by probabilistic restrictions.

As the reliability of a real structure depends on the variability of concrete strength
in practice, gradation and strength control of the concrete on the basis of its
tensile strength are of extreme importance.
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SUMMARY
For various projects like basements or subway-tunnels, which are built and remain permanently in
the groundwater, watertight concrete structures are of increasing importance. The paper
presents general design criteria for such constructions. It deals, in particular, with loading due to
restraint under construction and final conditions, waterproof designs and their consideration in
different design codes.

RÉSUMÉ

L'étanchéité est d'importance grandissante pour des projets variés, qui tels que fondations et
tunnels, restant en permanence sous le niveau de la nappe phréatique. Cet article souligne les
critères généraux de dimensionnement concernant ces types de constructions: l'accent est mis
sur les contraintes en phase constructive et finale, la conception de l'étanchéité elle-même ainsi
que sa prise en compte dans diverses normes de dimensionnement.

ZUSAMMENFASSUNG
Im Rahmen verschiedener Bauaufgaben wie Gründungen und U-Bahn-Tunnel, die in das
Grundwasser einbinden, gewinnen wasserdurchlässige Betonkonstruktionen immer mehr an
Bedeutung. Im folgenden sollten daher Entwurfskriterien für derartige Bauwerke vorgestellt
werden. Insbesondere wird auf die in den verschiedenen Bau- und Endzuständen auftretenden
Zwangsbeanspruchungen, auf die Nachweise der Dichtigkeit sowie deren Behandlung in den
Normen eingegangen.
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1. INTRODUCTION

The production of watertight concrete structures without additional waterproofing provisions
is being practised successfully since many years [2], [4], Projects which need watertight
structures may be classified in three groups:

- As protection of structures against underground water penetration in cases in which
the ground water level is located above the foundation slab (underground garages,
cellars, subway tunnels).

- As protection of underground water against contaminating substances from purification

plants, from manure dumps or from catch basins of chemical plants.
- Water reservoirs require a certain grade of impermeability (leakage rate) because of

operating conditions, although their contents do not endanger the underground water.

The determination of the impermeability can result from two procedures, which differ on their
practical evaluation:

- Limitation of the moisture content at the air side regarding the impermeability criteria:
- complete dry - dry to a great extent - capillarily soaked -

- Limitation of the amount of moisture penetrated through the cross section (leakage
rate).

The permeability or leakage of a buildung can by caused by its materials (because of porosity,

that is the concrete texture) or by the construction (because of cracks, improperly
performed construction joints or expansion joints, leakages within the range of perforations for
installations).

The production of a concrete with enough tight texture is primarily a concrete technological
problem. The causes of leakage dependent on the construction can be obviated by means
of a corresponding clear construction, that harmonizes optimally with the building function
(through states of stress due to loads and restraints which are statically easy to survey and
through a practicable construction).
The following report deals mainly with the possible proof and examination of usefulness.

2. STATES OF STRESS

2.1 Causes of the states of stress

The states of stress acting on reinforced concrete structural parts may be classified
according to the instant at which they occur and according to their causes. According to the
instant of occurrence one may distinguish between:

- states of stress during the construction
- states of stress after the end of the construction

According to the causes one may distinguish between:

- states of stress due to loads
- states of stress due to restraints

Stress resultants due to loads (for example owing to dead load or to traffic load) can be
easily calculated in most cases. The realistic calculation of stress resultants due to restraints,
however, cause considerable difficulties. The dissipation of the heat of hydration [1], shrinkage,

temperature and settlements can be regarded as the main reasons for the
appearance of restraint stresses.
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2.2 Restraint stress resultants

2.2.1 Calculation

The restraint stresses of a thick structural member of concrete (Fig. 1) often have a
nonlinear development over the thickness of the structure. These non-linear restraint stresses
can be divided into a constant part (shortening by restraint), a linear part (change of
curvature by restraint) and a non-linear part (residual stresses). It is characteristic for the
state of residual stresses, that these stresses do not create stress resultants.

1
+ \

^ ^
Restraint Stresses and

stresses resultants
due to restraint

Internally
induced stresses

Fig. 1 Stress-strain of a thick concrete member due to non-linear restraint

The following denotations are valid for the calculation of the restraint stress resultants:

Nzw £j- ' (EAc)ef • ô • cs (1)

Mzw — *r (EIc)ef ^ ' cs ®
(EAç)ef : effective longitudinal stiffness
(ElcJgf : effective bending stiffness

cs : reduction of restraint by creep
ô : grade of impediment by the structural member

The effective stiffness used in equations (1) and (2) can be studied clearly by a centrically
loaded member in Fig. 2.

— [MN/m2]
A|

6.0-

5,0

4,0

3,0-

2.0-

1,0-

n—mm]—-N

em,r

Up to the load of the first crack
uc fc t) the structural member

remains in' state I. After that a
successive cracking starts. When the
fully developed cracking pattern is
reached, there is another ascent of
the stress - strain - diagram, which
is almost parallel to the plain state
n, at a distance of 0,4-fc t/Es>
(tension-stiffening-effect) '

fct : tensile strengh of concrete

fc,t 2,67 MN/m2

Ecf.U s 0,1 %o

1,0 %

£ctu : corresponding strain of
concrete

EC,E,
and of concrete

H : percentage of reinforcement

s,^c : modulus of elasticity of steel

(Ec A[)ef/Ai [MN/m2]

Fig. 2 Stress-strain-relationship and effective stiffness of a concrete member under longi¬
tudinal force (Aj=Ac-(l+n-/i); n=Es/Ec)
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At the final state the restraint effects (change of temperature, settlements) are of minor
importance for the constructions, which are mostly box-shaped and bedded to the ground.
During the construction however, the restraint effects, such as dissipation of the heat of
hydration and shrinkage, are to be analysed more carefully. That is especially important for
monoMcally connect»! structures, which are cast however at different times. Regarding the
dissipation of the heat of hydration, the calculation of the corresponding restraint stress
resultants is very difficult because reliable informations about modulus of elasticity, reduction
by creep and coefficient of thermal expansion for new (not matured) concrete are hardly
available. An estimation of the restraint forces through shrinkage is possible in form of a
difference value for shrinkage at structural components which are cast at different times
(foundation slab/walls).

2.2.2 Evaluation of the limits of stress resultants for special structural components

- Regarding the load for first cracking

The upper limit of the restraint stress resultant at the instant of appearance of the first crack
can bei determined through the sectional forces of the crack for state I.

NI
Crack A • fct,ef

^Crack ^c ' *ct,ef

- Regarding the interaction soil - building

(3)

(4)

For foundation slabs it is possible to get further limitations for the normal force due to
restraint considering the effects of frictional forces. In this connection it has to be examined,
whether slide of Sie foundation slab with respect to the soil results or whether a total bond
exists. Fig. 3 shows the diagram of the forces at the contact surface with the soil and the forces

at the foundation slab in the case of friction, bond and a combination of both effects.
In the case of skidding friction the ma-

v.y. v.v.v,v,v,v,y,y,i
L

E cf. Tf

Ecb'fy)

ximum normal force in the foundation
slab results:

Njt 1/2 M g 1^ (5)

Friction: Bond: Friction/Bond

Forces at the bottom side of the foundation slab

Assuming a total bond between
foundation slab and soil the following value
results:

-u
I

LB tp,tB I

V -4-
I nb

lm
(6)

Longitudinal force of the foundation slab
' I

1

H-ib-+4-W2

Ecf tf (2 Es ts + Ecb tb)

Fig. 3 Longitudinal forces due to restraint of a foundation slab
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3. PROOF OF WATER TIGHTNESS

3.1 Method of proof

The proof of watertightness is made for the limit state of serviceability. In additon to the
demonstration of an available sufficient tight concrete texture, the leakage caused by
construction is limited further through the following criteria.

- sufficient depth of the compression zone: x > xnec
- limitation of the width of separating cracks: w < WgJm
- limitation of tensile stresses in concrete: ecl < f^tv

3.2 Proof of the depth of the compressive zone

The procedure is based upon the
requirement that the resulting depth of
tiie compression zone in working
conditions must be greater than the
depth of penetration of water in the
watertight concrete, which is
produced according to technological
points of view. The determination of
the depth of the compression zone in
working conditions for bending with
normal forces leads to a cubical equation

if linear elastic behaviour is
assumed for concrete and for steel.

Determinant parameters:
- the percentage of reinforcement

ratio fi^l fi?
- the relative edge distances di o/h
- the E-moduli ratio n=Es/Ec '
- the relative eccentricity e/h

Fig. 4 Depth of compression zone under servie load

3.3 Proof of the width of crack

Separating cracks are critical with respect to the watertightness of a concrete structure. All
national and international standards have renounced to fix an admissible width of crack
wadm *n relation to watertightness (see paragraph 4). The determination of such a limit value
needs the careful examination of the special function of the building and of environment
conditions as for example the value of the water pressure acting on the examined structural
members. In the references ([3], [4], [5], [7]) however, values for wa(jm 0,1 to 0,2 mm
are given. There are many theories which calculate the theoretical width of crack at the limit
state of serviceability. The principles of equation (7) based on fig. 5 are common to all theories.

Based upon this fundamental equation it is possible to control cracking through
concrete technological provisions and through the adequate choice of reinforcement (steel
stresses, diameters of bars) with minimum steel areas according to the restraint stress
resultants given in paragraph 2.

wm : average width of crack
wm srm ' esm (7) srm : average distance between cracks

esm : avera8e strain of steel
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Fig. 5 Stress situation of a cracked concrete member Tb

3.4 Limitation of the concrete tensile stresses in state I
On the one hand this critérium leads to relativ thick strctural members, which are sensible to
states of stress due to restraint, and on the other hand the accurate knowledge of the tensile
strength of concrete is necessary, although the values show the well known large statistical
dispersion. For that reason the proof based on the latter critérium should be given up.

4. COMPARISON OF NATIONAL AND INTERNATIONAL STANDARDS

Whereas in many standards the production of a concrete with tight texture is mentioned, as
Tab. 1 shows, nearly all standards which have been studied have renounced to define
requirements for a numerical proof of the watertightness. The corresponding proof of
limitation of crack width from most standards serves therefore only to insure the durability.

Code/Country/ Year
Water-
tightness

Permeability
of Concrete

Minimum
reinforcement

Crachwidth-
Control

Tensile stresses
of Concrete

MC- 90/-/ 1990 No Yes Yes Yes No

EC - 2 / - / 1989 No Yes Yes Yes No

DIN 1045/0/ 1988 No Yes Yes Yes No

SIA162/CH/ 1989 Yes Yes Yes Yes No

CP-110 /GB / 1972 No Yes Yes Yes Yes

B 4200/A/ 1979 No Yes No No No

ACI 318/USA/1983 No Yes Yes Yes No

Tab. 1 Comparison of standards
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