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On the Mod 2 Cohomology of Certain fT-spaces

by Emery Thomas1), University of California (Berkeley)

1. Introduction. Let X be a topological space and G an abelian group.
We dénote by H^XiG) the i-th. (singular) cohomology group of X with
coefficients in G. Define an integer-vaiued function vq by

vg(X) least positive integer n such that Hn(X; G) ^ 0

In case X is G-acyclic we set vg(X) 0. For simplicity we write the function

as vr if G Zr, the integers mod r, r > 2.
Suppose now that X is an £f-space - that is, X has a continuous multiplication

with unit - and suppose (for the remainder of the paper) that X satis-
fies the foliowing conditions.

(1) The intégral cohomology groups of X are finitely generated in each
dimension.

(2) H*(X\Z2) is finitely generated as a vector space, and is primitively
generated as a Hopf algebra.

In [9] we showed that for such if-spaces, v2(X) — 2r — 1 for some r > 0.
The purpose of this note is to prove

Theorem 1. Let X be an H-space satisfying the above two conditions. Then

v2{X) 0, 1,3,7 or 15.

Moreover if X has no 2-torsion, then

v2(X) vQ(X) 0,l,3 or 7,

where Q dénotes the rational numbers.

Examples of /jf-spaees having thèse values of v2 are the various Lie groups
(for ^ 0,1,3) and the sphère of dimension seven (for v2 7). At présent
no lf-space is known for which v2 15, and it seems unlikely that this value
can occur.

The method of proof for Theorem 1 is based on the work of Adams [1], [2],
For related results in case X is a topological group, see Clark [7].

I would like to thank W. Browder for arousing my interest in this problem
and for his helpful suggestions about its solution.

2. Truncated polynomial algebras. We work in the category of commu-
tative, associative, graded and connected algebras of finite type over Z2. For

x) This research was supported by the John Simon Guggbnhbim Foundation and by the Air
Force Office of Scientific Research.
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such algebras A we identify Ao with Z2 and dénote the complément by A.
Foliowing § 1 we define v(A) to be the least positive integer n such that

Define

D1 A Â, D»A T>~XA Â (n > 2)

We call D2A the idéal of decomposable éléments, and if an élément a $ D2A
we call it indécomposable.

We will say that A is a truncated polynomial algebra of height n (for n > 2)

if A t& A' jDnA', where A' is a polynominal algebra. We call A finite-
dimensional if it is so as a mod 2 vector space.

We now assume that A is a finite-dimensional truncated polynomial algebra
of height three, and furthermore that A is an algebra over the mod 2 Steen-
rod algebra, 'Tl. Such algebras were studied in [9], and we record hère the
results needed from that paper.

Let a e A be an indécomposable élément and suppose that deg a
2r+iJc 4- 2r, where r, k > 1. Then (see (2.1) and (3.3) of [9]) :

(2.1) There is an indécomposable élément a' of degree 2r+1k such that

a=Sq2T(af) mod D2A

(2.2) Sq2f(a) Z ri=s0 Sqai(dJ, where dteD2A. In particular, if (B*A)l
0, for 1 2r+!(k + 1) - 2*(0 < i < r), then Sq2f(a) 0.

Hère Sq* dénotes the (mod 2) Steenrod operator. It follows from (2.1) that

(2.3) v(A) 2r, forsome r>0.
Let M 2*, for some s > 2, and let a e Am+vX> where 0 <.r <. s — 2.

Since A is an J^-algebra, a2 SqM+2>r(a). By the Adem relations [3]

and since r < s — 2, M — 2r 2r+1 e + 2T for some e > 1. Therefore by
(4.2) of [9],

where at e J?', and consequently

(2.4) a2 Sq2'+1 [Z J=o Sq2< «€ (a)] + Sq^ Sq2' (a)

For the remainder of the section we assume that Ax 0 i/ i ïs odd. We use

(2.4) to prove



134 Emeby Thomas

(2. 5) Lemma. Suppose that v(A) 2q, where q>3. Then A8 0, for
2q < s< 2q + 2*-1. Moreover if Sq^"1 A q 0, then At 0, for 2q <t< 2«+1.

Notice that the second assertion follows at once from 2.1 and the first assertion.

By 2.1 (and the above hypothesis) it suffiees to prove the first assertion
just for the case 8 2q + 2r, where 1 < r < q — 2. By the définition of
v(A) we hâve (IPA)i 0 for / < 2q+1. Let a c A be on élément of degree
2q + 21". Thus a is indécomposable and hence if a2 0, then a 0, since
A is a truncated polynomial algebra of height three. Set M 2q in 2.4. Then

deg oc^a) 2«+x - 2*' (0 < i < r < q - 2)

and hence each élément <xt(a) is also indécomposable. Therefore by 2.2,

Sq2f(a) 0, Sqz* oc{(a) 0 (0 < i < r)

and hence by (2.4) a2 0, showing that A ~ _ 0 as asserted.

In § 4 we use (2.5) to show that v2(X) < 15, if X is an jff-space satisfying
the two conditions in § 1.

For the remainder of the section let A dénote a fixed finite-dimensional
truncated polynomial algebra of height 3, which is an algebra over 5?, such
that v(A) 16. Then by (2.5), ^i16+2t. 0 for 1 < i < 3. We show

(2. 6) Lemma. (i) Sq2* Au 0, for i 1, 3

(ii) Sq2? A& 0, for j 2, 3;
(iii) Sq2* ^30 0, for h 1, 2, 3

Set D D^A. Notice that (2.2) implies at once that

0,

since Ds 0 for j < 32. Thus to complète the proof of (2.6) (i) we must
show that Sq2(a) 0, for aeAu. Setting 6 Sq2(a), we hâve 62

Sq26(6). By the Adbm relations [3],

Sq26 Sq4 Sq2 Sq20 + ^ Sq1 + ^ Sq2

where <x1,(x%e^. Moreover Sq2Sq2 Sq3Sq1 and Sqx= 0 in A since the
odd-dimensional éléments of A are zéro. Therefore

62 Sq4Sq2Sq20(6).

Since deg Sq20(6) 46, it follows from (2.1) that

Sq2o(6) Sq2(c) + d
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where c e Au and d e D46. Moreover by 2.5 D46 Au • A&, and by the
Gaétan product formula, Sq2(-416 • A^) 0. Hence

è2 Sq4 Sq2[Sq2(c) + d] 0

whieh shows that 6 0, thus proving (2.6) (i). The remaining cases in (2.6)
are proved similarly (using (2.1) and (2.5)) and are left to the reader.

We set

D+ Z ArAt,D-= Z At-A,,D-= Z D~
n-3

whieh are well-defined subspaces of A since A is a truncated polynomial
algebra of height three. Moreover, as a mod 2 vector space

D D+ ® D-
a splitting we use to show

(2. 7) Lemma. A32+2l 0, for 1 < i < 3.

Since D32+2j 0 for 1 < j < 3, it suffices (by (2.1)) to show that A&
^436 0, and to do this it suffices to show that if a € ^32+2*" (r 1

> 2), then
a2 0. Now by (2.2), Sq2f(a) 0, and therefore by (2.4) (taking M 32

and r 1 or 2),

Now deg <xt(a) 64—2* and hence by (2.2),

Sq2i*,(a) Z Sq2'(<*,),

where d, e Du_2, (1 < 7 < i < r < 2). But

¦^64-2* -^-16 # -^48-2^ I -^24 * ^40-2i ~T -^28 " -^36-2i "T*

and hence by the Cartan product formula and (2.6),

Since a2 € D+ and since Z>+ fl D~ 0, this shows that a2 0, completing
the proof of the lemma.

3. The opérations o! Adams. The proof of Theorem 1 will require the secon-

dary cohomology opérations of J. F. Adams, defined in [1]. Thèse are functions

0tj defined for each pair of integers, i, j such that 0 < i < j and i zfcj — 1.
We will use the foliowing properties of thèse opérations (see [1; §§ 3, 4.2]).

(3.1) Let X be a space. The opération &ti is defined on cohomology classes
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U€H*(X) (mod 2 coefficients) such that $q?{u) 0 for 0<r<j. If
ueHm(X) (m> 0), then &#&) is an élément of the group Hm+2%+2°-1(X),

modulo an indeterminancy subgroup Q{i(X). Moreover, if i<j, then

where bl e JZfand deg bl 2* -f 2' — 2l.
Take an integer k > 3 and suppose that u e Hm(X) (m > 0) is a class such

that 8q2'(u) 0, for 0<r<fc. Adams'main resuit is ([1; 4.6.1]):

(3. 2) Theorem (Adams). There is a relation

(independent of X) which holds modulo the total indeterminancy of the left-hand
side.

Hère the summation is taken over ail i, j such that 0 < i <j < k and

i zfi j — 1. We apply this in the next section to prove Theorem 1, using in
fact the foliowing simple conséquence of (3.2).

(3.3) Let X be a space and let m,k be positive integers with &>3. Suppose

that IPt-'^iX) 0 for m<j <m + 2k and that Sq2*H2m(X) 0 for
0 < i < k. Then for any élément u e H2m(X),

with zéro indeterminancy, where the éléments af € J?.
This foliows at once from 3.1 and 3.2.

4. Prooî of Theorem 1. The relation between the work of § 2 and the proof
of Theorem 1 is given by the projective plane, P2X, for an H-space X. This
was defined by Stasheff [8] and the cohomology of P2X is studied in [6],
where a group homomorphism i is defined with * : Hq+1(P2X) -+Hq(X).
(For the remainder of the paper we use mod 2 coefficients.) i is an
Ji-homomorphism and the image of i is the subspace of Jï* (X) spanned by the
primitive classes. Moreover if v2(X) 2d — 1, then (see [6; 3.1]).

(4.1) t is a monomorphism for q < 4d — 2 and is an epimorphism for
q <4d - 3.

Dénote by P~ the subspace of H*(X) spanned by the odd-dimensional
primitive classes. Let {u{} be a basis for P~ and choose classes {a^ in
£T*(P2X) so that ia{ ut. Define A to be the subalgebra of H*(P2X)
generated by {aj. The foliowing resuit is proved in [6].
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(4.2) The algebra A is a truncated polynomial algebra of height three. Moreover
there is an idéal N in H*(P2X) such that

H* (P2X) A © N (group direct sum)

and Sft(N) c N, where 3%x dénotes the subalgebra of S% qenerated by the squares
of even degree. Furihermore if v2(X) 2d — 1, then

H*(P2X) A2li for l<i<2d.
Thus if we set

A1 H*(P2X)/N

we obtain a finite-dimensional truncated polynomial algebra of height three,
which is an J^-algebra. Moreover

(4.3) A'2t & H2l(P2X), for 1 < i < U
and the isomorphism is an J^-map. Let Cd dénote the idéal of J2T generated
by Sq1. Then 5? Cô® 32X, as a Z2-module. Since the éléments of A1 ail
hâve even degree we can make A! into an JîT-algebra by setting C3(Af) 0.
Furthermore, v{Ar) 2d.

We use thèse facts to show

(4. 4) Lemma. Suppose that v2(X) 2d — 1, where d is an even integer
> 4. Then

H*d+°(P2X) =0, for 0<s<d.
Furthermore if SqdH2d(P2X) 0, then

H*d+*(P2X) =0, for 0<t<2d.
The proof uses the foliowing resuit of W.Browdbr [5].

(4. 5) Theorem (Browdeb). Let X be an H-space as in § 1 and let

v e H2q(X) (q > 1) be a primitive class. Then there is a class u e H2q-~l(X)
such that v Sq1(u).

Clearly if q < v2(X), then the class u is itself primitive.

Proof Of (4. 4). It follows from (4.1) and (4.5) that

H2d+l(P2X) Sq1£P*(P1J)
Let ueH2d{P2X) and set v Sq1(u). Then,
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By the Adem relations [3], since d is even,

Sq2d+i Sq2 Sq2d-i + Sq2d gqi
and therefore,

v* Sq2 Sq2^1^) Sq2 Sq1 Sq2d~2(v),

using the fact that Sq1 Sq1 0 and that Sq1 Sq2<*"2 Sq2^-1. Let w
Sq2d~2(v). Then i(w) is a primitive class of degree 4d — 2. Hence by

(4.5) there is a primitive class y eH*d-3(X) such that Sqx(y) t(w), and
therefore by (4.1) there is a class xeHàd~2(P2X) such that Sq1(a:) w.
HenCe

v2 Sq2 Sq1 Sq1 (a?) 0.

But by Theorem 1.1 of [6], v2 0 implies that v 0, and hence

As remarked above we hâve already proved that v2(X) 2q — 1 for some
> 0 [9]. Thus in the présent situation we can assume that d 2<z-1 with
^3. Therefore by 4.3 and 2.5 applied to the algebra A',

for 0 < i < d/2, and also for d/2 < i < d if Sqd H2d{P2X) 0. Therefore
by 4.5 and 4.1,

for 0 < t < d, and also for d < t < 2d if Sqd H2d(P2X) 0, which
complètes the proof of the lemma.

We now can prove the first part of Theorem 1. Suppose that X is an
Jï-space such that v2(X) 2Q — 1, where q > 5. We show that this leads
to a contradiction.

Let k dénote the least positive integer such that Sq2
+1 H2q(P2X) ^ 0.

By (4.4), k >q — 2 and hence k > 3. Let u € Hé (P2X) be a class such

that Sq2*+1(<a) ^0. Since
Q

u2 #0,
we see that k q — 1 or #-2. From (4.4) and (3.3) (taking 2m 2q

in (3.3)) it follows that

But deg 0oi(u) 2q + 2^, where 2 < / < k, and therefore by (4.4) and

the définition of the integer k, &qj(u) 0. Hence Sq2 + (u) 0, which is

a contradiction. Therefore q < 4, which proves the first assertion in Theorem 1.

Suppose now that X is an fiT-space with no 2-torsion. We complète the proof
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of Theorem 1 by showing that q<3 (i.e., that i>2(X) 0,l,3 or 7).
Smce X has no 2-torsion it is immédiate that v2(X) vq{X).

By Borel [4; Prop. 7.2] H*(X) is generated by odd-dimensional primitive
generators, since X is without 2-torsion. From this it follows (see [9]) that the
idéal N given in 4.2 is an J^T-submodule of H*(P2X); and moreover, that
if v2(X) 2d - 1, then

(4.6) H^^iP^X) 0, 1 <?' <3d - 1; H*(P2X) Âk, 0<Jc<Gd - 2,
where .4 is the algebra given in 4.2.

Suppose now that X is an iï-space without 2-torsion such that v2(X) 15.
We show that this leads to a contradiction. For this X, (4.6) implies

(4.7) flW-^PgX) 0, 1 < < 23; Ark ^ Hk{P2X), 0 < k < 46

where, as before, J/ H*(P2X)/N. Since i^ is an J^-submodule, the above
isomorphism is an J?-map. Applying (2.6) and (2.7) to A' we obtain the
foliowing facts.

(4.8) Sq2* H2*(P2X) =0 for i 0, 1, 3

Sq2' H2*(P2X) 0 for y 0, 2, 3

gq2* H*>{PzX) 0 for i 0, 1,2, 3.

(4.9) H™+*1(P2X) =0 for 1 < / < 3

We now obtain the contradiction, caused by assuming that v2(X) 15.
First ofail it follows from (3.3), (4.7), (4.8) and (4.9), that Sq16 H20 (P2X) 0.
But by the Adem relations and (4.8) this shows that Sq30£P°(P2X) 0.

and therefore u 0, showing that Jï30(P2X) 0. Now

H*>(P2X) Sq2 H**(P2X)

(see (2.1) and (4.7)) and hence by (4.8), Sq2^28^^) 0 for 0 < j < 3.
Let v € H%s (P2X). By the Adem relations

Sq2» Sq12 Sq16 + S fl% Sq2*,
1=0

where fït € 3%, and therefore

V2 Sq28(v) Sq12 Sq16(v).
Hence by 3.3,

since H3«(P2X) 0. Now deg a2 12 and therefore by the Adem relations

Sq12a2= E <
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Since 0^(v) * HZ2(P2X), this shows by (4.9) that v2 0. Thus v 0 and
hence H28(P2X) 0.

Since H2*(P2X) Sq*fl* (PtZ) weobtainby (4.8) that Sq2Î H^(P2X) 0

for 0 < i < 3. The fact that HU(P2X) 0 now foliows by a similar
argument to that used above. One must use (4.33) of [1], setting Je 3 in that
lemma. We leave the détails to the reader.

Finally, since H™(P2X) 0 we see by (2.5) (taking q 4) and (4.7)
that W+HPtX) 0 for 0<?<16. Hence by (3.3), Sq16#16(P2X) 0,
which implies that Hie(P2X) 0. But this is a contradiction, since

v2(X) 15. Hence, assuming that q 4 has led to a contradiction, and
therefore q < 3 — that is, v2(X) 0, 1, 3, or 7, completing the proof of the
theorem.
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