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Aspherical Manifolds and Higher-Dimensional Knots

Beno Eckmann

E. Dyer and R. Vasquez [3] proved that the complément of a higher-dimensional
knot Sn~2cSn, «^4, is never aspherical unless the knot group is infinité cyclic
(and hence, for n^5, the imbedding is unknotted1)). In the présent note we give a

simple proof of this fact based on some remarks concerning compact d-manifolds.
By the same method we show that the complément of a link in Sn, «^4, is never
aspherical.

Let X be a compact «-dimensional d-manifold, G n1(X) its fundamental group.
If dX is connected, let Go be the image of nt (dX) in G. Using the connection between

Go and the boundary ôX of the universal cover ofX we first note that Hn &quot;l

(X; ZG) 0

if and only if Go G. If, moreover, X is aspherical, we show that cdG0 &lt;n— 1 implies
G0 G (and vice-versa). Since in the case of a knot-complement in Sn, n^4, the

image Go is infinité cyclic, the Dyer-Vasquez resuit follows. Actually the asphericity
is used hère in a weak form only, cf. 3.2 below. - In the case where ôXis not connected,
and if X is aspherical, then for at least one of the components of dX one has

cdG0 n— 1. This immediately implies the sphericity of higher-dimensional links.

1. The Fundamental Group of a d-Manifold

1.1. Let X be a 3-manifold; by this we mean a connected cellular manifold with
non-empty boundary dX. We write / for the inclusion map dX-&gt;X, and G for the
fundamental group ni(X).

We will always assume X to be compact. The universal cover X of X is a

d-manifold which may be compact or not; its boundary dX is the inverse image

p~l(dX) under the covering map p:X-+X. We want to get information on the

number of connected components of dX; i.e., on the intégral homology group
H0(dX). The exact homology séquence

yields

Hl{X modal),

x) In [3], only n^6 is mentioned (Levine, Stallings), but the resuit holds for n 5 as well
(C T. C. Wall, Shaneson).
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where Hq*û is the reduced homology group. Poincaré duality in X further yields

n being the dimension of X, and H denoting cohomology with compact supports
(i.e., if we use a cell décomposition, cohomology based on finite cellular cochains).

If C(X) dénotes the chain complex of X corresponding to a finite cell décomposition
of X, one may replace (cf. [2], p. 359) the finite cochain group Homfin(C(X), Z)
by the equivariant group HomG(C (X), ZG). It follows that

the last group being cohomology with local coefficients given by the left G-module
ZG. We thus obtain

Hn-1(X; ZG). (1)

This yields the following results :

PROPOSITION 1.1. ÔX is connectée! ifand only ifHn~l (X;ZG) 0.

PROPOSITION 1.2. IfdXis not connected, then Hn~\X\

1.2. We now assume the boundary manifold ÔX to be connected and write Go for
i^n1(dX), the image of nl(ôX) under the inclusion map i:dX-&gt;X. The connected

components of dX=p~1(ôX) correspond bijectively to the cosets of GmoduloG0.
Proposition 1.1 can therefore be reformulated as follows.

PROPOSITION 1.3. Let X be a compact manifold ofdimension n with connected

boundary ÔX. Then H^^X; ZG) 0 if and only ifG0 G; i.e., if n1{dX)-^n1{X) is

surjective.
Let K(G0, 1) dénote an Eilenberg-MacLane complex of the group Go. There is

a map j\dX-+K(G0, 1), determined up to homotopy, which induces the surjection
nï(dX)-&gt;G0. We now further assume that the inclusion i:dX-*Xcan be factored up
to homotopy throughy:

i hj:dXÎ*K(G0,1)±&gt;X. (2)

Then i*:Hn-1{X\ZG)-*Hn-1(dX\ZG) is factored as i*=j*h* through the

cohomology group Hn~1(G0; ZG) and will thus be 0 if we assume this group to be 0
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(in particular, if the cohomology dimension cdG0 îs &lt;n—\). The homomorphism **

appears in the exact séquence with local coefficients

-&apos;^Hn-i(XmoâdX;ZG)-+Hn-l(X;ZG)±Hn-1(dX;ZG)-+-. (3)

By Poincaré duahty Hn-1(XmodôX;ZG) Hl(X; ZG), the latter group îs com-
puted from ZG®GC(X) C(X), î.e., it îs equal to H^X) and hence 0.

Note that the argument îs valid both in the orientable and non-orientable case:

in the non-orientable case the duality yields Hn~x{Xmo&amp;dX\ ZG) H1(X; Z®ZG),
where Z îs the group of twisted integers. But Z®ZG (with diagonal action) îs easily
seen to be isomorphic to ZG.

Thus by (3) /* is always mjective. Under the factonzation assumption (2), and if
Hn~l(GQ\ ZG) 0, we have seen that /* 0, and therefore Hn~x{X\ ZG) 0. Com-

bining this with Prop. 1.3 we get

THEOREM 1.4 Let X be a compact mamfold of dimension n with connectée

boundary dX, and let v.dX-+X be the inclusion, G n1(X), G0 i*ni(dX). If i can be

factored up to homotopy as i hj:dX-+K(G0, 1) -&gt;X and if Hn~l(G0\ ZG) 0, then

1 3. In Theorem 1.4 the condition Hn~l(G0; ZG) 0can bereplaced by Hn_l (Go) 0.

To prove this, let eeHn_l(dX) be the fundamental class of dX \_eeHn^1(ôX; Z)
in the non-orientable case]. For any zeHn~l(G0; ZG), the cap-product formula

together withy&gt; 0 yields j*z 0,since j*:Ho(dX; ZG)-+H0(G0; ZG)anden- are
both isomorphisms. Now /&apos;* =0 implies /* 0.

1.4. If we do not assume that dX is connected, Theorem 1.4 has to be restated in a

shghtly différent form.
Let dvX, v 0, 1,..., A: be the connected components of dX, and Gv ivitin1(dvX)

the images in G of their fundamental groups under the inclusions iv:dyX-+ X (deter-
mined up to conjugacy only). Let K be the disjoint union of the K(GV, 1) and

j&apos;.dX-*K the union of the maps jv:dvX-&gt;K(Gv, 1) inducing /vHï. If i can be factored

up to homotopy as i=hj:ôX-*K-&gt;X and if Hn~1(Gy;ZG) 0 for ail v (or: if
^TB_1(GV) O for ail v) then it follows as above that Hn-\X; ZG) 0; i.e.,dXmust
be connected, A:=0, G=G0.
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THEOREM 1.5. Let X be a compact d-manifold, G=nt(X) and Gv iv*nt(dvX),
v 0,...,k.Ifî:dX^Xcanbefactoredasi=hj:dX^K-&gt;XandifHn-l(Gv;ZG) 0

(or: Hn.1(Gv)==0)for v 0, k, then dX is connected and G0 G.

2. Aspherical Manifolds

2.1. The notations being as in 1.1, we now assume the manifold X to be aspherical;
in other words, an Eilenberg-MacLane complex K(G9 1) for its fundamental group
G ni(X). Since cohomology of X with local coefficients vanishes in dimensions

k^n, the cohomology dimension cdG is &lt;«— 1. Note that the chain complex C(X)
constitutes a finitely generated free resolution for G; therefore Hn~1(G;ZG)
Hn-1(X;ZG) 0 implies Hn&apos;1(G;A)^0 for ail free G-modules A and hence

(cf. [1] p. 105) for ail G-modules A, and thus is équivalent to cdG&lt;n— 1.

The results of Section 1 can now be applied as foliows.

PROPOSITION 2.1. Let G be a group admitting a K(G,l) X which is a compact

manifold of dimension n with non-empty boundary dX. Then cdG&lt;n—l if and

only ifÔX is connected; in particular, ifdX is not connected then câG=n—\.
Note that any group admitting a K(G, 1) which is a finite cell-complex admits a

compact manifold with non-empty boundary as Eilenberg-MacLane space (imbed
K(G, 1) in some R* and take a regular neighborhood).

2.2. For aspherical X, assuming dX connected, the factorization (2) of i:dX-^X is

always possible. Hence Theorem 1.4 yields

THEOREM 2.2. Let G be a group admitting a K(G, l) X which is a compact
manifold of dimension n with connected boundary dX, and G0 i*7zl(dX). Then G0 G

ifand only ifcdG0&lt;n—l.In other words, one always has cd G cd Go ; namely, &lt;n—i

From Theorem 1.5 we immediately get

THEOREM 2.3. Let G be a group admitting a K(G,\) X which is a compact
d-manifold of dimension n. If dX is not connected, then cdGv «— 1 for at least one

component dvXofdX, Gv being the image ofn±(dvX) under the inclusion.

3. Higher-dimensional Knots

3.1. Let throughout this section Sn~2czSn, w^4, be a knot, Le., a differentiable

imbedding of Sn~2 in Sn9 C=Sn-Sn~2 its complément, and X its closed comple-
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ment Sn-Vn where Vn is an open tubular neighborhood of Sn~2 in Sn. Then X
and C hâve the same homotopy type, and G nl (X) is the corresponding knot group.
dX is a product S1 x S&quot;1&quot;2, and ^(SÀ^Z imbeds injectively into G.

THEOREM 3.1. If the knot complément is aspherical, then G Z.
Proof. Since i*nl(dX) G0^Z, we hâve cdG0 l, and hence Theorem 2.2

applies: G0 G^Z.

3.2. Note that the asphericity of X is not used in full hère. The factorization (2) of /

can be obtained under weaker assumptions, as follows.
Let j:dX-+ Sx =K(G0, 1) be the projection of dX=Sl xSn~2 onto Slxpt, and h

the imbedding S1 xpt -+ dX-+ X. If we assume

(a) a sphère ptx Sn~2c:dX is nullhomotopic in X
then hj and / can be made, by a homotopy, to agrée on S1 xptvptx Sn~2. If we
further assume

(b) nn.t(X) 0
then / and hj are homotopic, and thus, by Theorem 1.4, G G0 Z.

THEOREM 3.1&apos;. IfptxSn~2 is nullhomotopic in the knot complément C and if

3.3. G. A. Swarup [4] has proved that Theorem 3.1&apos; holds without the assumption
that nn_l(C) 0 provided G is accessible. Since it is conjectured that ail finitely
generated groups are accessible, it is possible that the nullhomotopy of Sn~2 in C
alone is sufficient to conclude that G^Z.

3.4. HIGHER-DIMENSIONAL LINKS. If X is the closed complément of a link

U Snv~2czSn9 n&gt;4, k&gt;0,
v 0, ...,fc

then dX is not connected. The images Gv of n^d^X) are ail ^Z. By Theorem 2.3 X
can not be aspherical.

THEOREM 3.2. The complément of a link in Sn,n^4, is never aspherical.
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