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THE COHERENCE OF DIRECT IMAGES

by H. Grauert

Introduction

The coherence of the direct images of coherent sheaves was treated in
the paper [1]: H. Grauert: Ein Theorem der analytischen Garbentheorie

und die Modulräume komplexer Strukturen {Pub. Math. IHES 1960, pp. 5-64,

corrections 1963). This paper deals with the most general case and its

technique is very difficult. The main point in the proof is the Hauptlemma
on page 47. Here a proof of this Hauptlemma in the case of regular families

of compact complex manifolds and locally free analytic sheaves is given.

Although this special case is easier than the general, the ideas are practically
the same. Therefore these lecture notes of some talks given by H. Grauert,
Helsinki 1967, may lead to an understanding of the general proof. In these

notes only the Hauptlemma is proved. The proof of coherence is omitted.
This part is more formal and can be done like in [1] on p. 55. See [1] for
applications of the theorem.

A detailed presentation of the proof in the general case is given also

by Knorr [2].

COHOMOLOGY THEORY

In this paper we use Cech cohomology. We shall briefly show how this
cohomology is defined. In the following discussion X denotes a connected
complex analytic manifold, (9 is the sheaf of germs of holomorphic functions

and S a sheaf of 0-modules. Let II { C7t } l6j be an open covering
of X. We put U. U, n n U.. We consider cochains of order /

l0 " I 0 Ll

with values in S. Let us put Cl (II, S) { ç } where £ denotes a full collection

of crossections t over all U, We always assume that çl0 Ll l0 ••• ll J l0 ••• '/
is anticommutative in its indices. In the system { Cl (U, S)} we have the
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usual coboundary map <5: C1(U, 5") -> (U, which makes the
system a complex. We put Z1 (U, S) Ker <5 c (it, S) and Bl S)

5 (C'~ 1 (II, Sf).The I —th cohomology group H1 (il, S) with respect to the

open covering 11 is Z' (U, S)/Bl (U, S). An open covering 33 { Vv} veN

is finer than an open covering U { Ul } lifthere exists an index map
t : N -* J such that Vv c C/i(v) for vIt follows that an element of
r (Ur(v0)... T(v,)j S) can be restricted to a continuous crossecb'on over

Kg...>y In this way we get a map t* : C' (II, S) -> Cl (33, S). The following
diagram is commutative:

X*

CZ(II,S) -* CZ(33,S)
01

T*
01

Cl+iQX,S) -> CÏ+1(®,S)

It follows that we have a map t* : Z1 (II, S) -a Zz (35, S). Let us put
Zl (X, S) u Zl (U, S)9 where U runs over all open coverings of X. In

It
Zl (X, S) we can introduce an equivalence relation » as follows : Let
êi e Zz (U, S) and £2 e Zz (U1? S). We put « Ç2 iff there exists U2 such

that U2 is finer than It and VLX and ^t\U2 — £,2\&2 e Bl (U2, S). Here we
have put £V|U2 (£v) where t* comes from an index map tv: XI2

-> 11,11!. It is easy to check that the equivalence relation defined on Z1 (X9 S)
is independent of the index maps. Now H1 (X, S) is the set of equivalence
classes in Zl (X, S). Because Cl (U, *S) is a module over the ring I (X) of
holomorphic functions on X it follows that H1 (U, S) and H1 (X, S) are
modules over I (X). We have a natural homomorphism H1 (U, S)

-> H1 (X, S). Let now X' c: X be an open subset. Then X' is a complex
analytic manifold. We put S' S\X' and tl' It n T {L/tnX7 }
and obtain an open covering of X\ The restriction of crossections gives a

homomorphism y : C1 (H, S) -> C1 (U7, S7) which commutes with ö and

any index map t. Thus we obtain restriction homomorphisms : H1 (tt, S)

-> H1 (II7, S7) and (Z, S) -> (X7, S7).

Stein manifolds

A complex analytic manifold X is a Stein manifold if: 1) X is holo-
morphically convex, i.e. if D (xv)rf is an infinite discrete set, then there
exists fel(X) such that |/(D) | sup |/(xv) | is infinite. 2) X can be
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spread holomorphically, i.e. for any xeX there exists f1...fNeI(X)
such that x is an isolated common zero of j\

Let X be a complex analytic manifold. A Stein covering U { £/ } ieJ

of X is an open covering of X such that every UL is Stein. We shall often

use the following result:

Leray's Theorem : If U is a Stein covering of X then H1 (U, S)

H1 (A, S) is an isomorphism for every coherent analytic sheaf S.

The isomorphism between H1 (U, S) and H1 (X, S) means the following : If
ÇeH1 (X, S) there exists Ç e Zl (U, S) such that £ maps into £ under the

natural homomorphism Zl (H, S) -> H1 (X, S) and moreover if £ e Zl (U, S)

is mapped into zero in H1 (X, S) there exist 1] e
1 (U, S) such that £ örj

in Cl (U, S).

Direct images of sheaves

Let X and Y be complex analytic manifolds. Let i/y : X -* Y be a

holomorphic map and let S be an analytic sheaf on X. Now X is fibered by
the fibers X (y) — \j/~1 (j) for y e Y. Let U be an open neighborhood of a

point y e Y, then V i/F1 (U) is an open set in X. Hence F is a complex
analytic manifold and the restriction of S to V gives an analytic sheaf on
V. We can now define H1 (V, S). Let us put Hly u H1 (i/X1 ÇU), S)

u
where U runs over all open neighborhoods of y in Y. In Hy we introduce an

equivalence relation as follows: ^ g H1 (i/X1 ÇUÇ), S) and £2 e
Hl (i//_1 (U2), S) are equivalent iff there exists U U (y) in Y such that
V c u1 n U2 and ÇU) - c^i/X1 ÇU) in H1 (i/F1 ÇU), S). We let
*A(o (^)(y) denote the set of equivalence classes in Hly. The equivalence
class generated by £ g H1 (\I/'1 (U), S) is denoted by The set (5)(v) is

called the set of germs of cohomology classes of dimension / along the
fiber X(y). Now \jj(l) {S)iy) is an $^rmodule. For if gye(9yJ we have a

representative g e I (U) for some open neighborhood U of y. Then g o xÇ e

c I(ijj~1 (L)). If Çye\jj(l)(S)iy) and £/ is sufficiently small we can find a
representative Ç e Hl (i/X1 (£/), S) for £r Then we put gy ^ ((g o £)r
Now we form (S) u t/qZ) (S)^) where we introduce a sheaf topology.

yeY

A base of the open sets are { Çy : y e U) for £ g H1 (^_1 (H), S). If
£ e H1 (X, S) then the map y -> is a cross-section in (S). We call it
the direct image of | and denote it by i/c0 (£). The sheaf \j/(n (S) is the direct
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imagesheaf of Sof dimension /. Our mainproblem is to decide whether ^(/)(5)
is a coherent analytic sheaf of 0y-modules if S is a coherent analytic
sheaf on X.

A VERY SPECIAL CASE

We shall consider a special case where our main problem is easily solved.

Let X0 be a compact analytic manifold of pure dimension m — n. We put
E"(Po) {( t x...f„) e C" ; J f, I < p? }. Here p0 - (p° p„°) is a fixed

72-tuple of strictly positive numbers. Let X En (p0) x 2f0 and (p)
En (p) x X0 for p < p0. We see that JL is an analytic manifold of pure

dimension m. Let \J/ : X -> En (p0) be the projection map. Now X is fibered

by the fibers ij/'1 (t) X (t) { t} X X0 m X0 for t e En (p0). We take
the sheaf 5 to be S (qC)x. With these notations we can state the following.

Theorem : The direct image sheaf if/(l) (fqC)x) is a coherent sheaf of
^modules for every / > 0.

Proof. Because X0 is a compact analytic manifold we can find a finite
A

Stein covering II — {U1 Lj* } of X0. Let us put U, En (p0) x Uj,AAA A
then we see that U { U1 U,*} is a Stein covering of X. Let ç

A A A

{ } 6 Cl (U, Now ç, is a g-tuple of holomorphic
1

A
functions on En (pn) X 17, Hence £, admits a Taylor series of the

UJ *o "• -i -o ••• '/
A X

form <f,o H
E (?/Po)v where v (vt v„), | v | Vl +

I v I - 0

+ + vn and (t/py (%/Pi)vl (.tJPnY"• The uniqueness of a Taylor
series shows that {£(,v) } is an alternating cochain over U. Putting £(v>

A

{ £(lv)
l } e Cl (U, (q&)x) we may write s Z QV) (?/p)v- Introducing the map

A
(v) : £ £(v) we get a commutative diagram of the form:

Cl(u, (q<PL)- C' + I(û,(«ff)x)
(v)i

^
i(v)

C'(U,(^o)-^C'+ï(U,(«<P)Xo).

We now need a theorem of Cartan-Serre : Let X0 be a compact analytic
manifold. Then, for any coherent analytic sheaf S the set Iip (X0, S) is a finite
dimensional vector space for all p > 0.
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Using this theorem we conclude that Hl (X0, (q&)X(^ has a finite base

bx br. By Leray's theorem we also have Hl(U, (q@)x0 Hl{X09 (#)x0)-
Hence we can find bx br e Zz (U, (#$)x0) such that bv maps into bv under

the natural homomorphism Zl (U, (q@)x^) ^ (^o> (#^)x0)- We now

introduce a pseudonorm in Cz (H, (#0)xo) as follows:

Norm definition. Let rç e Cl (U, (q@)x^- Then we put || rç ||

- sup JK.-A || and y»/
l; ||= max sup | l()|, where,^ ...l;

(tQ " 1=^0^4

(Wiiq)- Notice that it may happen that 11 rj 11 =-= -f oo. Let S — { V1... VL*}

be an open covering of X0. The covering 33 is much finer than U { UL... £/*} if
Lt C= CZ Ul holds for every t. We write 33 ^ U in that case. Let us now choose

Stein coverings 33± and 33 such that 33x ^ 33 H. In Cl (33, (<q0)xQ) and

Cl (fiSu(q(9)x) we introduce a pseudonorm just as in Cl (U, (q®)x^- If
ÇeC1 (U, (q(S)x we have defined £ | 33 e Cl (33, (q<3)x^. It follows that

|| £ I 33 || < oo because V
H c c ULo... Let us now choose £ e

Z1 (33, (q(9)x)- Since bt... br e Z1 (U, (^)x0) constitute a base ofHl (X0, (q®)xQ)

it follows from Leray's theorem that £ £ öv bv 193 + öq where av e C1

and y\ e Cl~x (33, (<q(9)x Now we need the following.

Lemma : There exists a constant K such that | av | < K11 £ 11 and

!i '/1 -s <K\\t\\>
The proof follows because by the Banach theorem the map (al9... 9ar,rj) -»

Ç of the Fréchet spaces CrxCl~1(33, q@X{) onI° Z1 (33, (q)®Xo)) is open.
Let £, e C' (IX, (q<5)x)- We can extend each ^ e # /([/^... l()

constantly over {7
^ £" (p0) X V0... We get f eZ1 (it,

obtained from £ by a constant extension. In particular we extend bx br
A A /X A A A A

constantly to bx ...breZ*(U, (q@)x)- Letbi ...brbe the images of bt ...br
in the direct image sheaf i//(/) ((#0)*). Let now £0 e ((V/0)x)(o) where 0

is the origin of En (p0). By definition we can find Hl (.X(p1),qO) with
A

0 < Pi < p0 which maps into §0. NowHCPi) {J5"" (p^.) X UL} is a

Stein covering of X (pt). Hence Leray's theorem shows that we can find
A A A A

(eZ' (It (pj), (q(9)x) such that £ maps into £0. Let us write £ y £(v)(t/p i)v
where £(v) e Z' (H, Let us also choose 0 < p2 < and consider

3 I $0>2) 3ieZ'(®(p2),(^)A.).Letuswrite3i y^*(V)(//p2)v. Obviously
we get — (p2/pi)v £(v) I 33. It follows easily that supv || Ç*r) || < oo.
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The previous lemma shows that Ç*v) £ aVÀ bx + ôrjv where

îjv e C'"1 (33) with || f/v | 33i || < K|||| and | < || ç(*} ||.

Let us put ax YavA (t/Pifand )/ Y (t/PïY- We see that
A A

rj e C/_1 (fiß1 (p2)) and ax e l(En (p2))- An easy computation gives
A A A A /\
£1 | ®i (P2) Z ax h2

I 331 (P2) + <5 *7- Il follows by definition that
_ A A A

£0 — Z ax We have now proved that bx br generate ((«qO)x)
A A

at the origin. It follows in the same way that bx br generate \p{l) ((«q(9)x)

for every t<=En(p0) because it is enough to do everything in a polydisc
around t. Now we also prove that the sheaf \l'( l) (fiq$)x) is free, i.e. there

A A
"

A
are no relations between h1 hr at any point. Say for example that ax bx +

A

+ + ar br 0 at iff(l) ((q&)x){0) where al are germs of analytic functions
~ A ~ A

at the origin in E"(p0).Hence axbx + + br 0 in H1 (Z(p), (q&)x)

for some p>0 with e I(E"(p)).It follows that flv hv <5in X (p)
A A

for some £ e Cl~x (U (p), (.q($)x). Take a point t e En (p) where some

av ^ 0. Now we see that on { t } x X0 we have a1 (t) tq + + ar (Ohr
A

d ^ \ {t} x X0e Cl~l (U, (q@)x0)' This gives a contradiction to the

fact that bi br are a base of Hl (X0,

Measure charts

Let A be a connected complex analytic manifold of dimension m.

Let F be a holomorphic vectoi bundle of rank q on X and F the sheaf of
holomorphic crossections in F. This sheaf is locally free. A regular proper
holomorphic map \j/: X En is given. Let us put X0 if/'1 (0). Now X0 is

a compact analytic manifold of dimension m — n. We now introduce

special open coverings around X0 in X.

A

Definition. A measure chart iV (W,<P, 0, p) is a quadruple satisfying
the conditions:

A A

1) W c= X is open and W W n X0 is Stein.
A

2) 0: W -> En (p) X IF is a biholomorphic map such that the following
diagram is commutative :
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A <KW-> E"x
\j/ \ / n

E"(p)

Here n is the projection map.
A A A

3) 0 : Fi W -> W X Cq is a trivialization of F on W.
' A A

If iF is a given measure chart on X we can identify the sheaf (W, F | W)

of Fx-modules with the sheaf (W X En (p), q (9) using <P and 0. If U cz If
A

is open and p' < p we put U (p') F'1 (U X En (p')). Hence if
A A A

se T (U (p')5 F) we can identify 5 with an element of F (U X En (p')5 ^ (P).

We shall simply denote this element of F (U X En (p'), q (9) by the same
A A 00

letter 5. Now we can expand s in a Taylor series: s sv (tjp')v where
1 V I 0

sYeqI(U).

A A A

Definition ofa norm. When s e F (U F) we put || s ||

sup I sv (U) |.
t'

A

Strictly speaking the norm || 5 || is taken with respect to the measure
chart IF.

It is not hard to see that for every point x e X0 there exists a measure
A

chart IF such that x g W. In particular we can cover X0 by finitely many
r*A A

measure charts iFt (Wt, 0L, pt), i.e. X0 a c u Wr We remark that it
1

l* A
follows that X(p) \l/~1(En(p)) c c= u Wl for some p > 0 with p < pl

1

because ^ is a proper map. The collection iF { iFt } ll is called an atlas
around X0. From now on iF is a fixed atlas.

Measure coverings. We shall define measure coverings with respect to
the given atlas iF above. If U c WL is open we put (U)L (p)

F'1 (U x En (p)) when p < pL. We see that (U\ (p) c IfL and (U\ (p)
is Stein if U is Stein. Let U { }Li be a Stein covering of X0 with U, cz ciWL

A
for each i. Let p > 0 with p < min pt. We put (p) — (f/L)L (p). We

tAAA A
see that Ul (p) c c and C/L (p) are Stein. It is now required that U (p)
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A A
{ UL (p) } Ll is a Stein covering of X (p). We say then that it (p) is a

measure covering of X (p).

A A
Admissible refinements of measure coverings. Let It (p) and tt* (p)

A
be two measure coverings of X (p). We say that U* (p) is an admissible

A
refinement of It (p) if the following conditions hold:

1) [/* c c Lf for each i.

2) Ift/:o...u=t/:on...nC/;wepUt(C/:o...l;i)v #v-1(t/:o..,/lx£"(p))
for each ve{t0...i,}. It is now required that (t/*0.„,tA)v <= (Vl0.--A< for
all v, y, e{ t0 ix }.

3) U:0...lA n n f * c (C/10...l;), for each P e { lo }

Existence of admissible refinements of measure coverings

Existence Theorem. For every fixed integer s we can find, for some

p > 0, a sequence Us <| ÎIs_i <1 Hi Xt0 of finer measure coverings
of X (p) each of which is an admissible refinement of the following.

Proof. We first construct a measure covering of X (p) for some

p < min pt. Let M0 { HL } ^ be a Stein covering of X0 such that i/Lc c
for i e { 1, i* } Choose a fixed p0 < min pt. Now the open sets

«vue X En (p0)) cover X0 and hence they also cover X (p) for some

sufficiently small p. Hence tt0 defines a measure covering of X (p). It is also

clear that H0 defines a measure covering of X (p') for each p' < p. Let us

now construct U1. We let H* { I/*} be a Stein covering such that
A

£/* cz c UL always holds. Now we can find p1 < p such that { 17* (px)

— (Pf1 (C7* xE"(p1))}I,i cover X(Pi). Hence it* (pt) and U (pj are
A A

measure coverings of X (pf). But we do not yet know if U* (px) ll (pf).
A A

We claim that if p2 < p1 is sufficiently small then U* (p2) <1 U (p2)- For
A A

suppose this is false. Say that 2) fails for U* (p2) and It (p2) when

0 < p2 < Pl. Hence ^"1X £"(p2)) (C/10...lA X £"(p2)) are

non empty for suitable indices while p2 0. Choose a point x, from each

of these sets. Because xte X(pl) which is relatively compact we may

assume that xt -> x0. Obviously we get x0 e U*Q — L^.. LA,
a contradic-
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tion because U* <= U*nn U* cz {/,, In the same way we can
<• 0 • • • <• A 'A HI * • "•A

prove that condition 3) is satisfied if p2 sufficiently small and the theorem
is clear.

General Theory

A

Let G be an analytic manifold. We put G G X En (p2) where p1 is
A A

an /7-tuple of positive numbers. Let n: G -> En (px) and ^3: G -> G be the
A A A

projection maps. G* c= G denotes an open subset and G* G* n G x { 0 }.
The set G* can be identified with an open subset of G. We denote by

A
a: G* x En (p/ -> G* a biholomorphic fiber preserving map, i.e. tc o a 7i*

where 71*: G* x £" (p±) -> L"(Pi) is the natural projection. Let p < p2
A

7Pi < Pi where 0 < 7 < 1 is a fixed number. We put G (p) G x £"(p).
A

If / is a holomorphic function on G (p) we write / ]Tav(/p)v with
uv e /(G). We define the norm ||/||p of/by ||/||p f* sup { sup | av (G) | }.

V
A

If /e/(G(p)) we see that /o a is a well defined function on G* x En (p)
because a is fiber preserving. We define |[/o a ||p using G* instead of Gas
above. We have the proposition:

Proposition 1. There exists a constant K such that ||/o a ||p < K ||/||p
where K K(p2) is independent of p < p2.

00

Proof. We write /== X av (?/p)v with av e 7(G). Now we get foot,
I v I 0

A
X (av ö iß o a) (?/p)v because a is fiber preserving. Since iß (G*) c G

we get I av o iß (G*) | < | av(G)| < ||/||p. Now o ip o a admits
a Taylor series: avoiß o a £ CvA (t/p)A with CVÀeI(G*). Since
I X Ca (*/pX1 < ||/||p in x En(Pi) an<3 P < P2 TPi Cauchy's
inequalities give us | CvA(G*) | < H/l^ y lA'. Let us put h,, X CV/i- We get

I bß(G*) I < ||/||p X 7|a| ||/||p (1 ~ y)~" Ky / ||p. Now we can
write / oa=X«vo^oa (t/pf X CvA (t/p)A (?/p)v £ £ (t/p)". By

v A,v p
definition we have ||/o a ||p sup | bß (G*) | < A:||/||p.

ß

Let us now consider h (hvJ which is a matrix with hvß e 1(G).
The hVß are also assumed to be bounded on G.
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Proposition2. Letf (A ...fq)e(p)). Then || h (f) ^ < || f ||p.
As before p< p2yp^ < p1 and Konly depends on p2.

Proof. We have h (f) fei gq)withgv £ Let us write
ß

/\
hvp TjavixÀ (t/pY- By assumption | hVfl(G) | < M for some constant M and

hence we have, by Cauchy's inequalities, |ßv/a(G)| < My^K Let us also
write fßZ bßÄ (tjpY-Bydefinition sup | (G) [ || f j|p. Now we get

£v Z Z ^AOf/pX"1^ZOW/pV where CvA ^ Z
ß f1 ^

We get easily | CvA (G)\<qM|Jf [|, (1 -y)~-»*= K(Jf |(„. Hence 11 h (f) 1|„

sup || gv Hp sup I CvA (G)I< A || f ||p.
v v, A

We shall now apply these two propositions to our situation. Let
G* c G a WlQ l;

c= X0. Here G* and G are open sets and ^El0...lÀ comes

from the measure atlas HE. As before p < p2 < p* min pL. We are
given i and i from { i0, ix } and the following inclusions are assumed:

CI (G\(Pll(G*\>(Pi) c W,9 {G)M a C= If,
The following theorem is very important.

Theorem I. Let SeP((G),(p),F).Then \\ S \ (p) ||, < |j 5 ||r
K depends only on p2.

Proof. We have the following diagram:

(G)M %x£"(pi)
injection j" Ta

(G*X' (Pi) - G* x En (Pl)

a being a fiber preserving holomorphic map. We identify G | (G*)t/ (p)
with an element of ql(G*xEn (p)) using the trivialization of Tin the chart

HPCall this element S*. Also G itself is considered as an element of
ql{G xEn (p)) using the trivialization in the chart HEv Now we have G*

— h (Go a) where h is a q X q matrix. The elements of h are holomorphic
/\

functions defined on <P,> (fLu0 => G* x En (pf). Hence the elements of h

are bounded on G* X En (px). It is now obvious how we can use 1) and 2)

to finish the proof.
We shall need one more general result. Let G be an analytic manifold.

G is assumed to be Stein and T* { Uu Ut* } a Stein covering of G.
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The set G* c= G is open and R**{ Vu....}anopen covering of G*

such that Vlc:c G, for i e{I,t*}. We have:

Cartan'sTheorem. There exists a constant K such that if ^ e Z' {Rv, q&)

then £ I R**ôqwhererj e C'~1 (R**, q(9) and || |J < ÜT|j £ || for

/> 1.

This is a simple consequence of Theorem B and Banach's open mapping

theorem.

Now we apply Cartan's theorem. We keep the notations as above.

Let G G x E"(p)andput R*{ Gt X }. Now R* is a Stein

covering of G. Let G* G* X E"(and R** { V, X (p)}. Let

£ e Z' (R*,q(9)and write £ £ £(v) (tjp)vwith(v) e Z( We
A

assume || £ |[p sup || £(v) || < co. Now Cartan's theorem gives
V

£(v) I R** 5iu with IjyeCl~l{R**,q(9)and || J| < |[ < co.

It follows that q£ »?„ (t/pfisweU defined in (R**, and by
A. A

definition we have ||^||p<i^||ç||p.

Smoothing

We are given a sequence of admissible refinements of measure coverings
in X(p J. Herep! < p0 min pt as usual. Let I be a fixed integer > 1. We are
given 23* 33' 233Z <| 233/:mî;l 23± 230 <| 23 H* <| U U3l <4

U0 IL. Here it is also required that (23v + 1, Uv + 1) (23v, Uv); (23*, U*)

(23/,U)and(230?Uo) < (23, IL). These extra conditions mean: 1) U(vf1\A
0 K

n LCvpr..,t c (L/(fv)... i n NV..J. f°r each e { i } and

A
Recall that all operations are done with respect to p l. Let us put R[^m_ijc

0

VnL<;/...vWc consider elements F>-
A A

Now we take a full collection £ {£io...if[ l0...lK} of such elements which is

anticommutative in { i0,...ik} and { i0,..., }. In this way we get a double
complex Ck'K.Hereô : Ck'K-* Ck +1'Kandd : Ck'K -»• Ck'K + 1

are the usual
coboundary operators.

Norm in Ck'K\ Let £eCk,K;weput



Il Ç\\p
(.Q

a*
t }

{ II Iii with ie{/„,...,

4}}. Herep >Pl and ^0v.t^HO-% V^nF^ and H II' is taken with

respect to the chart iV i as usual.

Smoothing Lemma: Let k>0. There exists a constant K such that:AAA A

If £ e Cf'Kwith dÇ0 and (| Ç||p< oo then we can find e CY+V such

that 3 I Cf+3 dr\and || r\||p< K||3 ||p. Here < yPlwith
0 < y < 1 and K depends only on p2.

Proof. Let us fix i0,ikinthe following discussion. Let G U'^1 \
A

and put G (G)t (px) for some i e { z0, ik } which is also fixed now.
A

Now G is Stein in X0 and G is Stein in X. We put R* G n 93v+1 which is a
A

Stein covering of G. Also R* { (GnVl(v + 1))i (px) }l=1> is a SteinAAAcovering of G. Let £ {£i0,...ik,l0...lK }• Now we look at the elements of

{îi0,...ik,l0...lK} h0....ik e ZK(R*,F).Hereis fixed as above.
A

We get a cocycle because we have assumed that dÇ 0. More precisely we
A A

have considered the restriction of ^ to R*. We must verify that
this restriction is possible.

A

Verification : By definition of ZK (R*, F) we have to look at sets of the

following type: (these are the sets where the cross-sections are defined)

(GnV^in .» n GnV= (GNow

by2) wehave(^0+.!.Vo-J« cn (K'-'vo-Jj c ^Xn-n(V^X
J

Now we put 6* ~ L(;o:.2^c cG.Welet {(G*nFl(v+2))j}
A

The system R** is a Stein covering of (G*)f. We are in a good position now.AAA A

For we are given e ZK(R*, F). Here R* is a Stein covering of G
A

and G is a Stein manifold. We are working in the chart where the usual

identifications are used. Hence we arrive at the following situation: G is

a Stein manifold with a Stein covering R* 93v + 1 n G. Also G* c= c= G

and i?** 93v + 2 n G* is a Stein covering of G* such that i£** c= c R*.
A A

The cocycle £i0,..jk is now considered as an element of ZK{R*,q(9) which
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we simply call £i0.../k again. Now we apply the result after Cartan's theorem.

Hence we can find a constant K such that for every p p2 we get r\ e

e CK_1 (R**, q(9) and || tj ||„ < K||with But this
A A

means precisely that we can find e CK~1 OR** (p), F) such that

||i0...iJL < * II v.«* IL with Jo-'* We have onJy
A

constructed m0...ik using a fixed i e { ;'0,ik }. Now we must let (i0, ik)

vary. For each (z0,... ik) we choose some i which only depends on the
A

unordered (fc+l)-tupel (i0, if) and construct an element niQ,...ik as

above. Now we can restrict everything to

Verification : Consider a set where cross-sections over C*;+~31 have to be

defined, i.e. a set n F(;+.3)1k. But by 1) follows 1% n c
cz f°r eac^ / e { ?ov5 C- }• This inclusion shows that we

A A

get a well defined element rj e Ck;+V by restricting the elements to
A A

We find that £ | — dr] now. The norm inequalities are not
A

obvious, but recalling how r] is constructed here it is seen that we can apply
Theorem I to obtain the required estimate.

A
Smoothing Theorem. There exists a constant K such that: If £ e

e Zl (93 (p), F) with || £ ||p < oo then we can find £* e Zl (II (p), F) and

î e C1"1 ($' (p). F) for which 3* | »' (p) 3 | »' (p) + ^ and || £* ||p
A A

and || r] \\p < if || £ ||p. Here p < p2 < Pi and K only depends on p2.

Proof. Before we can use the double complex { Ck,vK } we must introduce
two " 8-maps ". To define the c^map, let Zk,vK a C\K consist of all
A A A
£ 6 Ckf such that SÇ 0. Now we shall define the s^map : s1 :

A
Zl (33, F) -> Z°0'!. A section belonging to an element of C°0'! is defined on someAAA A
set U^qn c f l()... l;

where sections of elements of Z!(S3, F) are

defined. Hence we get a natural restriction map sk which also maps cocycles
A A

into cocycles. It is easy to verify that || s1(^) ||p < £|| £ |[p. Theorem I
can be used because n (F^ i;)t for every i and every
i e{ t0,... l, }. Recall that the norm in Z' (33, F) is defined with respect to
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A A
9Î0 here. The " e2-map " : we shall construct a map s2 : Zlfi -> Zl (U, F).

Let 3 } e ZliHere^0,...i(jl0is defined on ^;03Oi(,l0. Because
/v A

^ 0 we see that the elements ÇiQ _ i[Ho are independent of i0. Now

u F(3° covers X (pj. If we put e2 (3);0...if f;,,.in n F(f^
t= 1

A A
then we see that £2(öi0...il is a weU defined section on U\2Ql)iv In

A A A
this way we obtain e2 (£) e Zl (II, F). Here s2 (£) is a cocycle because

ôÇ e= 0. Now we prove that || e2 (0 ||P < ^|| £ ||p-

A
Verification. A computation of ||e2(0||p involves the following:
A

s2 (£) { ^'"iJ- Look at some in the chart if { with i e { i0,..., z) }.
A

We write £>v t/pfoverand compute sup | i() |.
V

A A

A computation of 11 Ç 11

p
involves the following : Look at C,over (7

A
in a chart JFj. Here i is fixed. We write £ ßv(0 (//p)v and

i*

compute sup | av(l) (UiQ,...ilnVL) |. Now u VL covers X0. Hence we would

have sup | av(l\U*0...h n V*)| sup | av (t/j* ...j() | if av av(1) in t/*0 n
V,L V

A

n L*. But this is obvious since ^ ÇiQ _ ihl in n V*)t. Hence

we have || e2(3)||p < || 3 ||p.

Now we are ready to start the proof of the smoothing theorem. We
let K denote a constant, which may be different at different occurences.

We also introduce a double complex { Ck'vK } using (93, 93), i.e. it is defined

just as the previous double complex was, using 93-sets instead of tt-sets.

We shall inductively construct the following elements:

A A
— S P \ çz 7v>l~v

Sv I ^0- V J 3v

fv R0..VH>....-v}eZV3;v o,...,/
A A

— 1 I — V

{ fli0...iv_1^ IQ...Iz_v } e L 3v

Vv — { } G ^ 3v
'

5 v 19---J
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f, - {L'O-À-L «O"*-,-! 6 CsV-V"""1; v 1

and y, { ylo...it_1 } e C'-1 ($3,).

A A
The construction : £ e Zl (93 (p), F) is given. The whole construction

is done using p instead of px and we omit p to simplify the notation. We
A A A

put gj (ç) £0 e Z°0''. Now we apply the Smoothing Lemma and get

such that ctyj £0 with || ||p < if || £0 ||p < || 3 ||„. Put £j. <5(7!.

A A A A

Obviously || ^ ||p <If || rji|UInductively we find <5(7v £v_! and we
A A A

put £v ôrjv where qv are found from the Smoothing Lemma. Finally
A A A ~ ~

we get and we have || ||p < K||^ ||p. Now we define and r]v as

follows. Put £0 £0 where £0 e Z0^ is obtained by natural restriction of
A ~ A
Ç0. Put (7V (-l)v {^0.} which is well defined with respect

to (933v, 933v) by taking natural restrictions. Put £v for v 1,..., /.

A computation shows that drjY when v 1, /. Notice that this
A

is trivial when v — 1. In the following discussion each rjv is restricted to
~ A ~ A ~

(933v5 933v). We have d(rj1—rj1) 0. Hence we find r\1 — rj1 dyl by the
~ ~ ~ A ~

Smoothing Lemma. Now we define yv such that dyv rjv — rjv — ôyv^l

inductively. This is possible because d (rjv — rfv — ôyv^x) 0, for we have

~A~ ~ A ~ ~ A
d(lv-1v-öyv-1) <?,.-!- £v-i - <5 */v_! — <5 (Jv_! -
— <5 (f7v_1-(7v_1) — 0. We get finally yj^eC'j,2,0 and then <5y;_i e

eClïj1'0. We have d(?/,— (7,— ^h-i)0. Therefore we can put y,

^(ni-ni-àyi-x).Itfollows that yte C1'1(®3i) and <5y,

~ A A A A ~
We have s2(£,)— | S3' and for s2 (<?,)= - and (7 the requiredAAAequation £* £ + örj. The estimates follow immediately from the construction

and the Smoothing Lemma.

L'Enseignement mathém., t. XIV, fasc. I. 8
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Approximation

We use positive /z-tuples p, with p < p2 < p3 < p4 < p1 and p
— y"pu p2 — ypl, P3 — y'Pu Pa y"Pu The zz-tuple p1 is defined as in
the smoothing theorem.

Definition: Hi — { £ e Hl (X0, F\X0) such that there exists U

U (0) in En with £ e H1 (U), F) and £ | X0 Ç }. Serre's theorem
gives dimc H1* < dimc H1 (X0, F\X0) < oo. In the following discussion we

A A A A A

are given bl5 br in Zl (IT (p4), F) such that bx X0, br | X0 constitute
a base of the complex vector space Hi. For this to be possible, p4 has to be

A
chosen small enough. Here IT is a Stein covering of X (pfi and defined as in
the smoothing theorem. We also assume that we are given a sequence of
measure coverings as there. Further we construct the sequence so that
there are still sufficiently many measure coverings in between 33 and H.

These are denoted by U*. We have II > Hi P- U2 !> I> 33. The zz-tupel

p3 is also fixed from now on and K always denotes (possibly different)
constants.

Approximation Lemma: Let s > 0. Then we can find p2 such that:
A A A

If p < p2 and Ç e Zl (H (p), F) with || £ ||p < go (the norm is taken with
A A A

respect to Hi (p)), then there exist au ar e I(En (p)) and r\ e Cl~x (33(p), F)
^ A ^ A A A ~ A ~

suchthat £ £—<5>?on 33(p).Here e Z'(33 (p),F) and || £ ||p <
l

A A A

< s|| Ç ||p and || av Hp, || r]||p< K||£ ||p. is a fixed constant.

Proof. We shall first prove some results which are needed later on.

Let SeT Choose i e { i0,...,i, }. Now <=

because Hi* <g U. The operations are always defined with respect to pt.
We can now restrict S to (p). In the chart iVl we can write S

Zav(t/py. Here av e qI(U(U.A). Now the av are extended constantly
A A A

and we get elements avefF). Let us put av | UpJ_ We

claim that || Sv ||Pi < £ || S ||p. For obviously || ||„ > | av | and
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we can use the Theorem I to prove that 11 Sv 11
P1

=^ia>(c/(:0),...1()i < *II siu Q-e-d-

Let S'v be defined using some other i e { l0, it }. Then Sv — Sve

eT(t'f0r....r F). We claim that || Sv - S'v ||P4 < || ||p.

oo 5—1

Proof. Define as £ aft/pY and ßs £ cift/p)2 over
m=5

k

I A I=o
(p)- We do the same for i respectively and obtain and ß's over

A

(p). For the restrictions to U(2^\ iLI we see that as — as

- (ßs-ß's)-Hence we get ||<xs - of ||P4 <||||Pi X(/")s||

<K(y'")s (y")1-51| S\\p. Here the norms are defined with respect to L/^
I except I y* and || S |\p which are defined with respect to ...H- Now we look

at the difference (Sv-Sv) tv/pv on (U(3L^^H)ß with | vj s, pe and the

power series development with respect to Wß. There is one term of order
s which is equal to the corresponding term of as — a's. Therefore its norm is

<K(y,f,)s. (y"Y~s ||S||p. Moreover we have || Sv (t/p)v - S'v (t/p)v ||Pl <
< (y")-s-i£|| S\\p where the first norm is defined with respect to U(3q*...

H>

For the sum £ of terms of higher order than s in the power series of (Sv —

-S'v) tv/pv we therefore get: || £ jj^ < (y'")54"1 (y")~s,^|| S ||p. Hence we get

|| (Sv — Sv) j|P4 < y'"- K\\ S||p. This proves our statement. We see that K is

independent of p4 and S. The number y'" depends on p4 only, so y'"-Kgets
very small if we make p4 very small.

Let leZ1 (U (p), F) with % { îl0...H }• Choose i i (l0, t|) as

a function of the unordered (/+l)-tuple. We now fix i0, il and write
A A

S aPP!y to $ the method described above and obtain YlVq...h
A A

Sv.Wedo this now for every i0,i, and consider £(v) {
t }

A A
as an element of Cl (U2* (p4), F). Of course £(v) depends on the choice of

t i (t0 11)here.Now we see that || £(v) ||P4 < Jj £(v) ||pi < |j i ||p.
A A A

We also wish to estimate <5£(v). Because ^eZ'(ll (p), F) we can use the
A A

preliminary result on iandi'toobtain || || < Ky'" || £ ||p.

We shall also need another result:
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A A A
Induction Lemma : There exists r\v g Cl (tt4 (p3), F) such that örjv

S{(y) on H4 (p3) and || r\y||P3 <^|| ÔÇ(y) ||P4.

Proof. The proof uses the assumption that \J/il + 1)(¥) is coherent.
Because the coherence of direct images is proved by downward induction
on /, this assumption can be made. Moreover it is assumed that the main

A
theorem is proved for dimension / + 1 already. Let us now put a c)£(v) e

e Bl + 1
(U2 (pf), F) and rjv ß e Cl (U4 (p3), F). We have to prove the

existence of ß. We may assume that p4 is so small that the main theorem
is valid for p < p4 in the case of dimension / + 1. So there are cocycles

A

ca1? œr e Zl+1 (U (p4), F) such that a £ Cx cox + örj, where Cx g
A A

el(En(pfj) and rj e Cl (U4 (p4), F). We have to assume that between IX4

and U2 there are very many measure coverings. The cross-sections 1} (cox)

give a homomorphism rO -> ^(/+1) (F) over En (p4). Because 0r(^ + 1)(F)
is coherent the kernel yL is coherent again. Over En (p') with p3 < p' < p4
we find an epimorphism p(P -> yL. Denote by wl5..., the images of the unit
cross-sections in p(9. Write nx (exl, ^ eXr) as an r-tupel of holomorphic

r

functions. The image of nxinT E"(//),i (F)) is &0+1) X <»„)
jU= 1

and zero. We may choose p2 and then p3 and p' very small.
A

Then it follows that nx £ ^ a coboundary. If p3 < p" < p'
A A

there are cochains r\x e Cl (U4 (p")3 F) such that 5r\x — nx. Now (Cl5 Cr) g

g T (jF" (p4), By the methods of sheaf theory we can lift this cross-
section to p(9. Using a " Banach open mapping theorem " we see that the

map r{En (p')9pO) -> r (En (p'),^U) is open. This means here that we can
find holomorphic functions ax over En (p3) such that and

II ||P3 < Kmax || C„ ||p. < Kmax|| C„ ||P4. We get X Cp ©„ X aA
ß ß

X flA «A <5 (XßA 1a)- This leads to ot | C,+1 (U4 (p3)) 5 (//+X°a 1a)-

The estimates required obviously hold. Q.E.D.
A A A A A

Let us now put £(*} £(v) — rjve Zl (U4 (p3), F). We can write £(*} | U0 —
A

]T h2 I over Ue- Here avA are complex numbers and yv g

g C1'1 (VLß, F I Xq). Cartan's theorem and the result after that give the
A A A A

estimates | avX| < K\\||P3< AT |[ Ç||p and || yv ||P3 < AT || £(*> ||P3 <AAA< A'U £ ||p. Here yv e Ci_1 (H7* (p3), F) has been obtained by a constant
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A A
^

A A A

extension of yv. Let us now put </(v*, - X an ~ d>V Here £ (v) e
A A

e Cl (U7 (p3), F). Using the previous estimates and the fact that the bÀ

are finite we find that llîwlL <^ll<?(v>IL <^IUIL>-
A

Now we also have | X00. It follows that

113(v) lip < yh'i13((i) IU < 7/7' • £ 1131L
•

A

Finally we put in U*9 (p) :

3(1) z?ti(tiPy

r3(v)(t/p)v - Uv(t/p)v - zaYl(tiPy bA - «5(zÇY(tiPy)

A A A A

£ - v] - Z ax - ôy

Using the fact that the sum of the absolute values of the coefficients in the
A A

power series expansion of £((*j by (t/p) is smaller than y/y' • AT|| £ ||p and
A A A

that with respect to t]vis smaller than y'"* Z|| £ ||p we find: || £(1) ||p <
<yly' -K\\3IL>and h\l</"-^113 Hp and I!«a||p <^|| î IU- we

A ~ A A A
take the restriction to23(p) and now £ £(1) — rj e Zl (33 (p),F) is the desired

element. Of course we have to choose p4 and then p2 small enough, for
example let y'" < e/2 K and y < ey'ßK.

Main Theorem

A A
There exists p2 and a constant K such that if p < p2 and £ e Zl (II (p), F)

A A
with || ^ ||p < co then we can find au (£"(p)) and

Ci_1 (S (p),F)such that3 ^axbx + ffi(p)with||r\ y,and]|av||p <
<*||3||p-

Proof. We have one constant K from the smoothing theorem. Now we
find p2 with an e in the Approximation Lemma such that < 1/2. We

A A
shall use this p2 and prove the theorem here. We are given £0 £ e

A A ^
Z'(U(p),F) with II ^ ||p < oo. The Approximation Lemma gives £ x



— 118 —

3 - £ flu tu - <5?1 on $ (p). Here e CI_1 (25 (p),F)and || ^ ||p <
A ~ A

< 8 I) £ ||p. Now e Zl (93 (p),F). The Smoothing Theorem gives ^ e

e Zl (1t (p),F) and (p)>F) such that ^ ^ + Srj1 on 93' (p). Here
A ~ A A

II t]1 ||p and y ^ ||p < AT|| ||p < l/2|| £,||p.Now we use instead of
A AAA A A A
£o as above and get: £2 + <5>y2 - £ a22 bA - <5y2. Here || £2||p

and || j/2 || < % || ||p < (i/2)2 || 3 ||p and || a22 |[p and || ||p < - || [|p.

A A AAA A

Inductively we get: £„ £„_!- £ a„xbA- 5yn+ Here || <ï„ ||p <

< 2~"IU IUI|l»i|p <2~"ll î IU and || «„a ||p and || ||p < 2_n+1 • ^|| J||p
A A

for« 1, 2, 3,... A summation is now possible. We get 0 £ — Yuanx^x ~~

rt,X
A A AAA- £ <5?» + £ <5>7„- We put =--= £ a«* 1 and the theorem

n

follows.
For the proof of the coherence the Main Theorem is needed in a weaker

and simpler form.

Main Theorem (*): There exists a positive n-tupel p2 < p0 and cross-
A

sections Si9..., SreT (En (p2),^(i) (F)) such that any 5 (£') eT(En(pf),
A

i//(j) (F)) with^ e H1 (X(p'), F) can be written over En (p) in the form S
n

Yuax with a i, e l(En (p)). Here p < p2 and p < p' < p0.
l
Proof. Define s*= i^(/) (bA | X(p2)). The cross-section S can beAAA A

written in the form S \j/^ (£') with e Zz (IF (p'), F). We put £ —
A A A
<F I U (p). Then || £ ||p < 00 and we have the representation £

A A A

Yja>+ $rh For the cohomology classes we get H, and for the

images S\E" (p), this gives S\E"(p))[/(l) (3) £ Sx.

The immediate consequence of this form of the Main Theorem is that
the stalk of (F) at the origin (and hence at every point of course) is

finitely generated. However this is not yet the full coherence of i/qz)(F).
Nevertheless, the Main Theorem above contains all that is essential, and the

rest of the proof is not difficult. We refer to [1, pp. 54-58], or to Knorr [2]
for details.
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