
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 49 (2003)

Heft: 3-4: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: ON THE ENTROPY OF HOLOMORPHIC MAPS

Autor: GROMOV, Mikhaïl

Anhang: Appendix : Examples of holomorphic endomorphisms

DOI: https://doi.org/10.5169/seals-66687

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte
an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in der Regel bei
den Herausgebern beziehungsweise den externen Rechteinhabern. Siehe Rechtliche Hinweise.

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les

éditeurs ou les détenteurs de droits externes. Voir Informations légales.

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. See Legal notice.

Download PDF: 18.04.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-66687
https://www.e-periodica.ch/digbib/about3?lang=de
https://www.e-periodica.ch/digbib/about3?lang=fr
https://www.e-periodica.ch/digbib/about3?lang=en


230 M. GROMOV

Appendix : Examples of holomorphic endomorphisms

The following examples appeared after the discussion I had with Spencer
Bloch and David Mumford.

(1) Twisted Hopf manifolds

Divide Cn \ 0 by the action of a linear operator A without eigenvalues
in the unit disk. All endomorphisms of the quotient (n > 1) come from
polynomial maps f:Cn-^Cn. For such an endomorphism, its entropy and

"lov" are probably equal to "logdeg".

Example. A: (zi,z2)>—» (Aiz1; A2z2) and /:1—» (fvz%)-

(2) Generalized Hopf manifolds

Let fo : Xo -A Xo be an endomorphism. Take a line bundle L over Xo such

that /q(L) L (:= L® • • • ® L, p times). Locating such an L is usually
quite easy by looking at Pic(Xo). Denote by Y the total space of L. There is

a fiberwise map / : Y -> Y lifting fo and acting on fibers as z 1—> zp. If we
divide F by a fiberwise action of Z (it is z 1—y zoz, Zo 7^ 0, in each fiber)
we get/: Y/Z^Y/Z.

There is another way to compactify F by taking the total space of
the one-dimensional projective bundle associated to L. The endomorphism

/ canonically extends to this compactification.

(3) The Calabi-Eckmann manifolds

Let us take (Ck x C£) \ ((Ck x 0) U (0 x C^)) and divide by the following
action of C :

(zi, Z2) ^ y (AiZ\,A2Z2) 5
À EC.

A\ and A2 are appropriate linear operators in Ck and C£. For example,

A\ expÀ, A2 exp/A, where A is a scalar. In the last case, the factor

manifold possesses an endomorphism / which lifts to the following polynomial

map

C'xCLc'xC« : (zu---,zw)^(Z1,...,zpk+e).
Recall that the Calabi-Eckmann manifolds are diffeomorphic to S2^-1 x S2£_1.

The above map / has degree d (2(k + I — 1 )f and h(f) lov / log d.



ON THE ENTROPY OF HOLOMORPHIC MAPS 231

(4) Blowing up

Let us take W C V0 and an endomorphism f:Vo V0 such that

W. The endomorphism / can be sometimes lifted to the manifold

V obtained by blowing up W.

Example. V0 CP1 x CP1, W is the single point (0,0), and / : (z\, zi) ^
(z\,zp2).

(5) Concluding remarks

A typical compact complex manifold has very few endomorphisms. For

example, manifolds with nontrivial Kobayashi volume have no endomorphisms

of degree > 2. Do Grassmann manifolds have such endomorphisms? (No,

see [3'].)
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