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Relativistic Heisenberg picture

by Bruno Zumino.
Centro di Studio per la Fisica Nucleare del Consiglio Nazionale delle Ricerche, Roma.

Greek indices v, A run from 0 to 8, small italic indices r, s from
1 to 53; h < — 1 ; the metric tensor is gfiv 0 for /ot v, goa 1

9ll 922 := 933 1-

We start from the simpler case of a single electron in a given elec-

tromagnetic fielcl, the wave equation of which is Dirac's equation.
The corresponding Heisenberg picture, as usually expressed, is not
in relativistic form owing to the fact that the time is treated in a
different way then the space coordinates. This inconvenience can
be avoided by the introduction of an independent space-like sur-
face S, from which all dynamical variables, including the time,
depend (see also Dirac3)).

In the following xfl, x'ß, x"ß will denote coordinates of a free world
point, and z'ß, z"ß of a world point lying on S. To write the equations
of the theory we define for each £ [S] functional of S, the Operation

D„ * f tW')d ,s"<; here t =lim: CfS]
I' ' ö S (z) I' S tz ö to

s ä "" - • "

is the functional derivative with respect to 8 in the point z' of 8
(see Schwinger4); Sx is a space-like surface different from S only
in the neighborhood of the point z' and dco the four-dimensional
volumo enclosed between the two surfaces; d S'ß are the components
of a vector of lengtli dS, normal to S at the point z'; the formula

(i)
s

and Schwinger's lenima, holding for elosed Systems,

[äyt.f(z')dS: fddz,rf{z')dS'ß (2)
's S

are often useful; it can also be demonstrated that DßDv£ D,,/t/( £).
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Dirac's cquation cati be written in the form

\y„ | y-- + ieA"(.r) | + wj<.r| 0; (H)

the basic vector (see Dirac2)). <&| has four components and y are
four-rowed matrices; y0 is anti-Hermitian, yr Hermitian and they
satisfy y/tyr + y„y,, — 2 g/tr.

Defining j x)+ — i [ x; y0, the adjoint cquation is

x>+ ph m 0;

it fülletws ddx - {— i | x : y„ <•/' | } •-= 0 so 1 hat

1 - i I \ z' >+ y?_'
| d iS"A (4)

d
is independent from »S.

In the case in which an electromagnetic field is present, no simple
expression can be given for V ] ar">+; but we (Jan always assert
that

f - i ff y„ •| C >
• dS"< - t | C • y„f rf.S"" C»

s ,s

provided z' and z" are both on S; liere f(x) needs not to satisfy
Dirac's equation.

As a relativistic generalization of the coordinates and momenta
of the electron at a given time, we define

*„[£] - i l\z">+yiz'„ \z'\d8'1
s

and

P4SJ-lWr,£v\*s"~ Ar, SI.IN-;
S s

in force of (5) they satisfy

and

(z always (jn S). In a similar way

Y„ I -s'] — i I + 7a 7„ < \ dS'\ <i:' | y„ [C| y/( <C |.

S

whereas y,,|C| | z')+
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is not even independent from the particular surfaeu 8 tlirougli
we have instead, for

y.Jsl 1 I i :

Y,;y>. z' \d8'\flu- rolation - -\;'y y„.
s

I sing tlie definitions of the dvnamieal variables and tlieir proper-
ties just exposed, it. is easy to find tlieir Poisson brackeis. For ins-
tance, remembering also (1) (2) and (4),

""'T'"'—/( -'„"J

Iii')* :'\tlK"-ij oj„!l 1 r,i", S|}<iS"-
s X s

> I I Vx I '<<S"' i I y { I >
1

v, z, z' I j 'I>% I -

s I " S

-> </„, -
Tlie complete scheine is

0,,. - J • [pc)',l »», Y„Yr \-YrY„ — 2 u,,,., (ö)

P„<Zr] U„r- [P,.<Yr\~-V„Y„ [pl,'Vr\ ü,Vl-I)„P,- (")

Attention must bo paid to l'ormulas such as (7). The first of it.
for instance, specializing 8 to have the equation ,r0 z'0, becomes

l/VA <\-x, [Vu,z,1="^' L/VAMb

so tliat it can be considered a relativistic expression for botli the
Poisson bracket relations betwoon ooordinat.es and niomenta and the
ITamiltonian law of dependence of the coordinates from the tinie.

(6) and (7) can be taken as the starting point of the theorv and it
becomes of interest to check their consistency. This can be done
showing tliat they have as a consequence the relations

Dx[z,= 0 fk.| (» D;.(y„}q. + Y,-Y„) ^ "

Dx[P„> -%] n„[Vr -,J Ai[P„> r,] - y„]

I p„. Vv I + Dlt [Pr< Vx] T Dv [P>, pJ ü
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which correspond to properties of the second Hierüber« of (6) and (7)
themselves (remember DflDv De I),,). For instance

l)?\P,r 2,]-D„ \V>.< - J \IhP„ - »„ P>, H | + [Pf„ />;.',] - [Pi, -
[l'P,,' P> \ :J I [p„- [*,» pj] - [p;.k> pj] -

in force of the identity of Poisson Jacoby.
The relations (6) and (7) make no reference to tlie particular kind

of force« to which the particle is subjected; they are the relativistic
generalization of the non relativistic Hamiltonian formulation of
the one-particle theory if the form of the Hamiltonian function is

not yet specified. Wo can spccialize the problem adding the Statement

that
F Vu [p' ~ ® -4" (z)] + i m 0 (8)

he valid for every space-like surface S. (This follows from (3) by
multiplication on the left with | x)+ygd>Se and integration.)

We have as a consequence, using (6), (7) and the properties of the
l'oisson brackets,

o ("V-J-iV (9)

0 [F, pfl] - D„ y, (/" - e A') 4 y, (Dß pl — D' p„)

eyxd^(D„*>-dl)
but

0 DflF Üfly,(pA- e A;) f yxDßpx — ey,xDßz*
so that

i1, (,r?. ddtß; (10)

0 [F> yj - — ' (y>. Y„ — Y„ Y>) (P'' " e A;') YxD>' Y„
but

- > (Yx Y„- Y„ Yx) 2 i (y„ y, + g„,)

so that, using (8) again,

YxD>' Y„ 2 i {—imy^ + p^ — eA^iz)}. (11)

(9), (10) and (11) are the relativistic generalization of the equation
of motion for our dynamical variables.
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The foregoing theory can be easily generalized to give the relati-
vistic Heisenberg picture correspünding to Dirae's many times
theory usually expressed correctly onlv by means of wave equations
(see Dirac, Fock and Podolsky1).
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