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On the Derivation and Commutation of Operator Functionals

by Marcel Guenin
Institut de Physique Théorique, Université de Genève

(22. IX. 67)

Abstract. We give compact, formal expressions for dldsf(F(s)) and [H,f(A)~\, where/(.) is
an arbitrary function analytic in some domain, and H, A, F(s) are arbitrary operators.

Introduction

Operator functions appear every day in a theoretician work, and it is often difficult
to compute explicitly their derivatives or their commutator with some other operator.
R. Wilcox [1] has recently written a good review of new and old formulas. Since two
key formulas which we did derive some time ago do not seem to be known, we think
that it might be useful to make them more widely available. These formulas have, of
course, only formal significance and their applicability has to be checked by the user.

Notations

We shall denote by Qn(A, B) the multiple commutator of 4 and B, defined
recursively bv „ „Q0(A,B) B Qn+1(A,B) [A,Qn(A,B)]

(an other frequently used notation is {4", B} Qn(A, B).)

Preliminary Formula
We first show that

» / \
AB»=£ (n\ (- ly B»-J Qj(B, A) (1)

and n ln\
B" A E [¦) QAB> A) B" ~J (2)

)-o \11

where I I denotes the usual binomial coefficient. We proceed by induction, clearly,

the formula holds for n 1.

Suppose it to be true for n — 1, then

AB«-1B=2J( ¦ )(~l)j B"-i-1Ûj(B,A)B

E\ i )(-^)jB"-JÛj(B,A)-2j( U-l)JB-J-iQJ+1{B,A)

Z'(")("1)iß""'^(jB,^)-

The formula (2) is derived in exactly the same way.
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1st Formula. We want to show that

i f(E(s)) j>+1>(F(s)) J^li- Qj(F(s), l F(s))

°° 1 / ri

=EirhyT Q{F^> IF®) fu+1) W) ¦ ®

Where f(k)(F(s)) is the kth functional derivative of f(F(s)) with respect to F(s).

We suppose f(F(s)) to be given by its power expansion f(F(s)) £ an F(s)n from
which follows *"°

i E«n F(sy =E*nE L+1) (- D' FQi-t-iQ, (f(s), I F(S))
n-0 n-1 j-0 \l < x/

=Ê««E\1-ll)°J(m,iF(s))F(s)»-^
n-1 j-0 \1 ~ /

=EF(s)kEai+k+i (' \+tl) (~l)l Qi iF{s)' i F{s])

27 J>™(^ + Î X) Q{m. I F(s)) F(s)« (4)

and hence (3).

2nd Formula. It is as elementarily derived as the preceeding one

[H, f(A)] =EtU)(A) ^f Oj(A, H) -£± QM, H) MA)
1 ' ' i-i '

(5)

We have

H.E'nA» -EanE[ :)(-WA»-iQj(A,H) -ZanZ[ '\Qj(A,H)A»-J
n-1 j l \l / n-1 j -1 \l I

^EA'E^Yii-w^^Q'iA.H)
k-0 l-l \ l j

-r E( )ai+kQi(A,H)A*. (6)
k-o 1-1 \ l j

and hence (5).
For applications of these formulas to physical problems, we refer to coming

publications of the author together with G. Velo.

Note added in proofs: I have been informed by R. Wilox and W. Brittin that a formula
equivalent to (3) has also been derived by W. E. Brittin and J. Dreitlein. I thank R. Wilcox
and W. Brittin for correspondence.
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